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Background: What’s wrong?

* What causes cosmic acceleration? 
- Vacuum energy or Scalar field(s)? 
- Or something more strange*?!  
      * (if that’s not strange enough) 

* What is Dark Matter? 
- Is it Self-interacting? 
- Is it Decaying? 

Each of the above possibilities could effect 
How the universe expands 

* therefore precise and unbiased measurements  
of the expansion history are crucial for cosmology



Outline

1) Observer many galaxies (ra, dec, z) 
2) Assume a cosmological model then convert 

positions to (x,y,z) comoving cartesian coords 
3) Visit each galaxy and count the number of 

neighbour galaxies in shells of different radii 
OR download my super-duper correlation 
function code ;) KSTAT - https://bitbucket.org/csabiu/kstat 

4) Fit a theoretical model to the result and 
constrain cosmological parameters
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??

Clustering of galaxies tells us a lot about cosmology 
How do we do it practically…(ok slightly simplified)…
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Alcock-Paczynski Effect

z1 z2

We measure RA, Dec and Redshift for each galaxy. However 
we must choose a cosmological model to convert these 
positions into a cartesian comoving coordinate system. 

Even without a standard ruler, we can measure the clustering 
along and perpendicular to the line of sight and thus constrain 
the combination of  DA * H

DA(z)

1/H(z)

Observer
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Figure 3. The 2pCF measured in four redshift bins, in the correct cosmology (left) and two wrongly assumed cosmologies (middle:
Ωm = 0.11, w = −0.7; right: Ωm = 0.41, w = −1.3). The clustering signal is measure as a function of 1 − µ ,where µ = cos(θ) and θ
is the angle between the LOS and the vector joining the pair of galaxies. Dashed and solid lines show the results with and without the
RSD effect, respectively. Upper panel: In the wrongly assumed cosmologies, we observe a clear change in the amplitudes and shapes of
ξ due to the volume and AP effect. Additionally, due to the redshift dependence of volume and AP effect, the amplitudes and shapes in
the four redshift bins are different from each other. Lower panel: The same as the upper panel, except that the amplitudes of curves are
normalized to 1.

constraints become much tighter, with δΩm ∼ 0.007 and
δw ∼ 0.035. Also, the direction of degeneracy changes and
is very different from mainstream techniques of CMB, SNIa
and BAO, meaning that combining our method with these
techniques can significantly improve the constraint. To im-
plement it in real observational cases, it is necessary to
model the evolution of the clustering amplitude for the ob-
served galaxies.

6 CONCLUSION

We have presented a new anisotropic clustering statistic that
can probe the cosmic expansion history, while making mini-
mal assumptions about the underlying cosmological model.
We measure the integrated 2pCF, ξ∆s(µ) ≡

∫ smax

smin
ξ(s, µ)ds,

as a function of direction µ. The amplitude of ξ∆s(µ) is af-
fected by the volume effect, and the shape is affected by
the AP effect. Due to the redshift dependence of the volume
and AP effects, in wrongly adopted cosmologies there are
redshift evolutions of the amplitude and shape. The RSD
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Figure 5. Likelihood contours (68.3%, 95.4%) in the ⌦m �w plane from various methods. Using 1,133,326 BOSS DR12 galaxies within
the redshift range 0.15 6 z 6 0.7, our method achieves tight cosmological constraint in very good consistent with the other methods.

and seek for the underlying true values of ⌦m and w of our
Universe (assuming flat Universe) by requiring least redshift
evolution of ˆ⇠�s(µ) among the six redshift bins. We obtain
tight constraints of ⌦m = 0.314± 0.038, w = �1.09± 0.14.

We find our method is more powerful in constraining
the parameter space of ⌦m and w than the other main-
stream cosmological probes of SNIa, CMB, BAO and H0.
For the degeneracy direction between ⌦m and w in the
constrained parameter space, our method is close to SNIa
but orthogonal to CMB and BAO+H0. Combining our
method together with these cosmological probes, we get
⌦m = 0.304± 0.007, w = �1.042± 0.030.

7.1 The caveats

The biggest systematic of our method, like all other appli-
cations of AP, is still the RSD problem. The RSD effect
also exhibits redshift evolution, mainly due to the structure
growth and the selection effect, i.e. different bias of galax-
ies observed at different redshifts. In this analysis we rely
on simulation mocks to correct this systematics. We find
the galaxy mocks created by the methodology of AMTB:
which reference? (?) is very successful in modelling both
the large scale Kaiser effect in linear regions and the small
scale FOG effect in nonlinear regions. After correcting the
systematic effect of RSD, we obtain reasonable cosmological
constraint consistent with all other mainstream cosmologi-

cal probes. There are two caveats in our procedure of the
modelling of the RSD effect.

1) The RSD effect is estimated in mocks created in
a particular cosmology, the best-fit ⇤CDM model from
WMAP5 observations with ⌦m = 0.26. We believe this will
not seriously affect our inferred cosmological constraint. (Li
et al. 2014) shows that the cosmological dependence of the
redshift dependence of RSD is small. Also, the simulation
cosmology is consistent with our best-fit cosmological pa-
rameters within 2�. So our inferred cosmological constraint
should be fairly accurate. In the future LSS surveys, the
statistical uncertainty of our method will be much smaller,
and modeling the RSD effect in a cosmological dependent
manner would be necessary.

2) The selection effect, i.e. different bias of galaxies ob-
served at different redshifts, usually seriously affect the clus-
tering properties of the observed galaxies if that is not ac-
curately modeled in simulations our result may suffer from
systematic errors. Again, we believe this is not a serious
problem for our method. In our analysis we normalize the
amplitude of the 2pCF and just look at its angular informa-
tion, the function ˆ⇠�s(µ). This function is rather insensitive
to the galaxy bias, which mainly affect the strength of the
clustering. Also, (Li et al. 2015) shows that the peculiar ve-
locities of halos are rather insensitive to the masses of halos.
This means the RSD effect coming from galaxies with dif-
ferent biases are similar. So the modeling of RSD effect does

c� 2002 RAS, MNRAS 000, 1–11
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Figure 1. An illustrative example of how incorrectly assumed cosmologies can distort a distribution of points, assuming ⌦m = 0.26, w = �1
is the true cosmology. Left panel shows a series of five regular squares, measured by an observer at the origin. Their true positions and
shapes are plotted as blue dashed lines. When the observer adopts incorrect cosmologies when computing distances from redshifts and
inferring the positions and shapes of the squares, they obtain distorted shapes (red solid lines). Right panel shows the redshift evolution
of the wrongly estimated angular diameter distance (divided by the correct value).

⌦m = 0.26, w = �0.5, the angular size is underestimated
by 8.9%, 12.3%, 13.6%, 14.1% at z = 0.5, 1, 1.5, 2.
In summary, as a consequence of incorrectly assumed

cosmologies the size of objects is mis-estimated and the
magnitude of mis-estimation depends on the redshift. We
thus use the galaxy 2pCF across the LOS to probe the
mis-estimation of angular size, �r?,wrong/�r?,true.

3. THE SIMULATION DATA

We test the method using the mock galaxies produced
by the Horizon Run 4 (HR4) N-body simulation (Kim et
al. 2015; Hong et al. 2016).
HR4 was made in a (3.15 h�1Gpc)3 cube using 63003

particles with mass mp ' 9 ⇥ 109h�1M�. The simu-
lation adopted the second order Lagrangian perturba-
tion theory (2LPT) initial conditions at zi = 100 and
a WMAP5 cosmology (⌦b,⌦m,⌦⇤, h,�8, ns) = (0.044,
0.26, 0.74, 0.72, 0.79, 0.96) (Komatsu et al. 2011).
Mock galaxies are produced from the simulation based

on a modified one-to-one correspondence scheme (Hong
et al. 2016). The most bound member particles (MBPs)
of simulated halos are adopted as tracers of galaxies. The
merger timescale is computed to obtain the lifetime of
merged halos. Merger trees of halos are constructed by
tracking their MBPs from z = 12 to 0; when a merger
event occurs, the merger timescale is computed using the
formula of Jiang et al. (2008) to determine when the
satellite galaxy is completely disrupted.
The resulting mock galaxies were found to well repro-

duce the 2pCF of the volume-limited galaxy sample from
Sloan Digital Sky Survey Data Release 7 (SDSS DR7)
(Zehavi et al. 2011). The mock galaxies shows a simi-
lar finger of god (FOG) feature (Jackson 1972) as the
observation. The projected 2pCF of the mock and ob-
servational samples agree within 1� CL on scales greater
than 1 h�1Mpc.
In this analysis, we use five snapshots of mock galaxies

at z = 0, 0.5, 1, 1.5, 2. Setting a minimal halo mass of
3 ⇥ 1011h�1M�, we select 457, 406, 352, 306 and 228
million mock galaxies at the five redshifts, corresponding
to a number density of 1.46, 1.30, 1.13, 0.98 and 0.73 in
units of 10�2h3Mpc�3 respectively. At higher redshift,
we have smaller number of galaxies, with a larger bias.
The total number of galaxies is 1.75 billion.
As an illustration, Figure 2 displays a subsample of

galaxies at the five redshifts. Their x, y coordinates
are computed using two sets of cosmological parame-
ters, the “correct” cosmology ⌦m = 0.26, w = �1
(left panels), and a set of wrong cosmological parame-
ters ⌦m = 0.05, w = �1.5 (right panels), respectively.
When the correct cosmology is adopted, the cosmic

scale is correctly estimated, and the main factor for the
redshift evolution of galaxy distribution is the gravita-
tional growth of structure. With decreasing redshift,
the clusters and filaments form and grow. On the other
hand, the wrong cosmology leads to an artificial scaling
of distance. The separations among galaxies are over-
estimated by 25.6%, 47.3%, 62.2%, 71.7% at redshifts of
0.5, 1.0, 1.5, 2.5, causing a clear redshift evolution of the
sizes of structures.
The growth of structure increases the clustering and re-

sults in more compact structures, while the volume e↵ect
maintains the clustering pattern and uniformly re-scales
structures on all scales. Their imprints are di↵erent. In
the next section, we show that they a↵ect ⇠(r?) mea-
surements in di↵erent manners, and thus can be easily
separated.

4. METHODOLOGY

We use the 2pCF across the LOS as a statistical tool to
probe the volume e↵ect. The galaxy 2pCF as a function
of galaxy separation perpendicular to the LOS, ⇠(r?), is
computed for snapshot data of mock galaxies at redshifts
0.5, 1, 1.5 and 2. We adopt the Landy-Szalay estima-
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Alcock-Paczynski - Volume Effect

Projecting the position of points in 
an incorrect cosmological model

Da*H in various cosmological model 
(normalized by a ‘true’ fiducial model)

Toy model picture
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Figure 3. The 2pCF across the LOS, ⇠r? (left panels), the shape of ⇠̂r? (middle panels), and the evolution with respect to the z = 0

value, ⇠̂r? (z = zi) � ⇠̂r? (z = 0) (right panels). Upper panels show that in the correct cosmology the redshift evolution of the shape of
2pCF is rather small regardless of the large redshift evolution of the amplitude, whereas the lower panels show that, in a wrong cosmology
⌦m = 0.05, w = �1.5, the redshift evolution of ⇠̂r? is very significant.

use the denotation

⇠r? ⌘ r?⇠. (5)

Among the di↵erent redshift bins there is large varia-
tion in the amplitude of ⇠(r?). The amplitude is propor-
tional to the clustering strength, which is a↵ected by the
gravitational growth of structures and the galaxy bias.
The amplitude is highest at z = 0 where the structures
experienced the most growth. ⇠(r?) increases at z > 1
with increasing redshift due to the increasing galaxy bias.
Although there is large variation in amplitude between

the di↵erent redshifts bins, the shape of ⇠r? remains sim-
ilar at all redshifts; in general it peaks at r ⇠ 9h�1Mpc
and monotonically drops or increases at larger or smaller
scales. The only exception is the small enhancement at
r . 2h�1Mpc, which is caused by the non-linear growth
of structures and is much more significant at lower red-
shift.
In order to directly compare the shape of the 2pCF

at di↵erent redshifts, in the middle panel of Figure 3 we
show the r?⇠ normalized by the overall amplitude within

5h�1Mpc < r < 40h�1Mpc (here after ⇠̂r?):

⇠̂r? ⌘

r?⇠(r?)R r?,max

r?,min

r?⇠(r?)dr?/(r?,max � r?,min)
, (6)

where we choose r?,min = 5h�1 Mpc, r?,max = 40h�1

Mpc in this analysis. Below 5h�1 Mpc the non-linear
growth of structure leads to systematic redshift evolu-
tion which could be di�cult to be reliably accounted;
On scales larger than 40h�1 Mpc, the analytical model-
ing of the shape of ⇠r? is relatively well understood; one
can just fit the 2pCF with the theoretical predictions
(Bernardeaua et al. 2002; Salvador et al. 2014, 2016) in-
stead of using our method (although our method should
also be applicable).
In the upper-middle panel, the overlapping of ⇠̂r?

clearly shows that there is minimal redshift evolution of
the shape. In the upper-right panel, we further show the
residual evolution at high redshifts with respect to z = 0.
There is only 1-4% enhancement at r < 10h�1Mpc, and
< 1.5% suppression at r > 25h�1Mpc. The trend is
monotonic with redshift.
There is one detail in the analysis that should be em-

coords transformed 
using correct 
cosmology

coords transformed 
using incorrect 
cosmology

ξx
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r
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r
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r

Angular 2PCF
Angular 2PCF
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value, ⇠̂r? (z = zi) � ⇠̂r? (z = 0) (right panels). Upper panels show that in the correct cosmology the redshift evolution of the shape of
2pCF is rather small regardless of the large redshift evolution of the amplitude, whereas the lower panels show that, in a wrong cosmology
⌦m = 0.05, w = �1.5, the redshift evolution of ⇠̂r? is very significant.
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Mpc in this analysis. Below 5h�1 Mpc the non-linear
growth of structure leads to systematic redshift evolu-
tion which could be di�cult to be reliably accounted;
On scales larger than 40h�1 Mpc, the analytical model-
ing of the shape of ⇠r? is relatively well understood; one
can just fit the 2pCF with the theoretical predictions
(Bernardeaua et al. 2002; Salvador et al. 2014, 2016) in-
stead of using our method (although our method should
also be applicable).
In the upper-middle panel, the overlapping of ⇠̂r?

clearly shows that there is minimal redshift evolution of
the shape. In the upper-right panel, we further show the
residual evolution at high redshifts with respect to z = 0.
There is only 1-4% enhancement at r < 10h�1Mpc, and
< 1.5% suppression at r > 25h�1Mpc. The trend is
monotonic with redshift.
There is one detail in the analysis that should be em-

using 1.75 Billion mock 
galaxies from the 
Horizon Run4 simulation 
(Kim etal 2015)

search for redshift invariant quantity that captures the volume change
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Figure 4. First row: ⇠r? (left), ⇠̂r? (middle), and ⇠̂r? (z = zi)� ⇠̂r? (z = 0) (right) calculated with the RSD e↵ect included. Second row:

⇠r? (left) and ⇠̂r? (middle) are shown for four di↵erent halo-mass-cuts, 3 ⇥ 1011, 1 ⇥ 1012, 4 ⇥ 1012, & 1 ⇥ 1013 M�, below which we

remove from 2pCF calculation. The right panel shows the di↵erence in ⇠̂r? between the 3⇥1011 M� mass-cut case and the other mass-cut
cases. Third row: The same as the second row panels, except that the RSD e↵ect is considered. Fourth row: The redshift evolution in case
of using samples with constant number density n̄ = 7.3⇥ 10�3Mpc�3

h

3, and the RSD e↵ect is considered.
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⌦m = 0.05, w = �1.5, the redshift evolution of ⇠̂r? is very significant.
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tional to the clustering strength, which is a↵ected by the
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where we choose r?,min = 5h�1 Mpc, r?,max = 40h�1

Mpc in this analysis. Below 5h�1 Mpc the non-linear
growth of structure leads to systematic redshift evolu-
tion which could be di�cult to be reliably accounted;
On scales larger than 40h�1 Mpc, the analytical model-
ing of the shape of ⇠r? is relatively well understood; one
can just fit the 2pCF with the theoretical predictions
(Bernardeaua et al. 2002; Salvador et al. 2014, 2016) in-
stead of using our method (although our method should
also be applicable).
In the upper-middle panel, the overlapping of ⇠̂r?

clearly shows that there is minimal redshift evolution of
the shape. In the upper-right panel, we further show the
residual evolution at high redshifts with respect to z = 0.
There is only 1-4% enhancement at r < 10h�1Mpc, and
< 1.5% suppression at r > 25h�1Mpc. The trend is
monotonic with redshift.
There is one detail in the analysis that should be em-
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is small and the systematic e↵ect from RSD and galaxy
bias is also small, as shown by the fourth row of Figure
4.
Another solution, to avoid the large systematics in the

nonlinear regime, would be to increase the scale of anal-
ysis to larger separations where the non-linear e↵ect be-
comes subdominant. Figure 4 shows that, on scales of
s = 20 � 50h�1Mpc the systematic e↵ect is 2-3 times
smaller than that of s = 5 � 20h�1Mpc. Actually, we
tested and found that, using s = 5 � 40h�1Mpc and
20� 40h�1Mpc, yields cosmological constraints that are
similar to each other (see §4).
We do not consider the systematic e↵ects in case of

non-standard cosmological scenarios such as modified
gravity and warm dark energy. These topics go beyond
the scope of this preliminary work, however they are wor-
thy future investigations.

4.4. Likelihood Analysis

Adopting the correct cosmological model will result in
minimal evolution of the normalised 2pCF. Thus we pro-
ceed to construct a quantitative likelihood estimator that
reflects this property. The procedure here is very similar
to Li et al. (2014, 2015, 2016). We compare the high
redshift ⇠̂r? and the lowest redshift measurement,

� ˆ⇠r?(zi, z1) ⌘ ˆ⇠r?(zi)� ˆ⇠r?(z1), (9)

and design the likelihood function to quantify the redshift
evolution of ⇠̂r? :

�2
⌘

nzX

i=2

nrX

j
1

=1

nrX

j
2

=1

p(zi, rj
1

)(Cov

�1
i )j

1

,j
2

p(zi, rj
2

), (10)

where nz is the number of redshifts bins, which is 5 in
this analysis, nr is number of binning in ⇠̂r?(r?), which
is 35 since we have r? bins with width 1h�1Mpc in a
range of 5h�1Mpc  r?  40h�1Mpc. p(zi, rj) is the
redshift evolution of the correlation function shape with
systematic e↵ects subtracted

p(zi, rj) ⌘ �⇠̂?(zi, z1, rj)� �⇠̂r?,sys(zi, z1, rj) (11)

Covi is the covariance matrix estimated from the
p(zi, rj) measured from 120 subsamples. As mentioned
previously, for a robust estimation of the covariance ma-
trix, we always compare slices at di↵erent locations to
include the cosmic variance.
The covariance matrix inferred from a finite number of

samples is always a biased estimate of the true matrix
(Hartlap et al. 2006). This can be corrected by rescaling
the inverse covariance matrix as

Cov

�1
ij,Hartlap =

Ns � nr � 2

Ns � 1
Cov

�1
ij , (12)

where Ns = 120 is the number of mocks used in co-
variance estimation. For this analysis the rescaling is as
large as 1.43. In the case that one has 2 000 mocks the
rescaling is less than 1.02.
Figure 5 displays the 2pCF and the likelihood values

when adopting the four incorrect cosmologies used in
Figure 1. For the cosmologies ⌦m = 0.4, w = �1 and
⌦m = 0.26, w = �0.5, the compression shifts the cluster-
ing patterns to smaller scales at higher redshift and make
the 2pCFs steeper. For the cosmologies ⌦m = 0.15, w =
�1 and ⌦m = 0.26, w = �1.5, the stretch of structure

leads to a shallower slope of ⇠̂r? at higher redshift. In
all cosmologies there is significant detection of redshift
evolution. We compute the �2 values according to Equa-
tion 10, and find that these cosmologies are disfavored at
& 30� CL.

5. COSMOLOGICAL CONSTRAINT

We constrain ⌦m and w through a Bayesian analy-
sis (Christensen et al. (2001); also see Lewis & Bridle
(2002); Li et al. (2016)). We assume that the likelihood
takes the form

L / exp


�

�2

2

�
, (13)

and scan the parameter space in the ⌦m � w plane to
obtain the 68.3% and 95.4% CL regions. The result is
displayed in the left panel Figure 6.
We obtain tight constraints on the two parameters.

The 2� contour lies within the region 0.23 < ⌦m < 0.29,
�1.1 < w < �0.9. The two parameters degenerates
strongly with each other, and the area of the constrained
region is quite small. The thin shape of the contour im-
plies that, when combining with other observational data
with a di↵erent degeneracy directions (e.g. CMB, BAO),
a very tight combined constraint could be obtained.
In the case of fixing one parameter at its best-fit value

and constraining the other, one obtains very small 1�
uncertainties of �⌦m ⇡ 0.003, �w ⇡ 0.01.
The simulation sample used in this analysis reaches

z = 2. The constraint becomes weaker if we limit the
highest redshift of the samples. The upper right panel
displays that, in case that we exclude the z = 2 galaxies,
the 2� uncertainties of �⌦m ⇡ 0.01,
�w ⇡ 0.1 (the other parameter fixed at its best-fit value).
The area of contour is further enlarged by ⇡ 50% if we
only use galaxies at z =0, 0.5 and 1.
So far we simply follow the convention of Li et al.

(2016) and adopt 5h�1Mpc < s < 40h�1Mpc as our
analysis scale. As discussed in the §4.3.3, one may want
to avoid large systematics in the non-linear regime. In
this case one may adopt 20h�1Mpc < s < 40h�1Mpc,
which significantly reduces the systematic e↵ects but
does not degrade the power of the parameter constraints,
as shown by the lower left panel of Figure 6.
The choice of the redshift width 105h�1Mpc is also

slightly little arbitrary. It should be larger than the dis-
tance distortion from the RSD and redshift errors. The
optimistic scheme of clustering scales and redshift width
should depend on the specific galaxy sample used in the
analysis. One could adjust them to have a good balance
between the power of cosmological constraint and the
size of systematic e↵ect.
Finally, to put the constraints of our new methodol-

ogy in perspective, the lower right panel displays the
constraints from Planck CMB (dotted blue, Ade et al.
(2015)), the AP analysis using BOSS DR12 galaxies
(solid magenta, Li et al. (2016)), and the joint constraint
⌦m = 0.301± 0.006, w = �1.054± 0.025 obtained using
the CMB+SNIa+BAO+AP (dashed black, Beutler et al.
(2011); Ross et al. (2015); Riess et al. (2011); Betoule et
al. (2014); Anderson et al. (2013); Li et al. (2016)).
The predicted constraints from this method clearly has

an advantage due to the large sample size. The total
number of galaxies used in this work is 1.75 billion, which
is 1,000 times of the BOSS DR12 sample size. So the
constrained area is also ⇠ 30 times smaller. Such a large
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is small and the systematic e↵ect from RSD and galaxy
bias is also small, as shown by the fourth row of Figure
4.
Another solution, to avoid the large systematics in the

nonlinear regime, would be to increase the scale of anal-
ysis to larger separations where the non-linear e↵ect be-
comes subdominant. Figure 4 shows that, on scales of
s = 20 � 50h�1Mpc the systematic e↵ect is 2-3 times
smaller than that of s = 5 � 20h�1Mpc. Actually, we
tested and found that, using s = 5 � 40h�1Mpc and
20� 40h�1Mpc, yields cosmological constraints that are
similar to each other (see §4).
We do not consider the systematic e↵ects in case of

non-standard cosmological scenarios such as modified
gravity and warm dark energy. These topics go beyond
the scope of this preliminary work, however they are wor-
thy future investigations.

4.4. Likelihood Analysis

Adopting the correct cosmological model will result in
minimal evolution of the normalised 2pCF. Thus we pro-
ceed to construct a quantitative likelihood estimator that
reflects this property. The procedure here is very similar
to Li et al. (2014, 2015, 2016). We compare the high
redshift ⇠̂r? and the lowest redshift measurement,

� ˆ⇠r?(zi, z1) ⌘ ˆ⇠r?(zi)� ˆ⇠r?(z1), (9)

and design the likelihood function to quantify the redshift
evolution of ⇠̂r? :
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where nz is the number of redshifts bins, which is 5 in
this analysis, nr is number of binning in ⇠̂r?(r?), which
is 35 since we have r? bins with width 1h�1Mpc in a
range of 5h�1Mpc  r?  40h�1Mpc. p(zi, rj) is the
redshift evolution of the correlation function shape with
systematic e↵ects subtracted

p(zi, rj) ⌘ �⇠̂?(zi, z1, rj)� �⇠̂r?,sys(zi, z1, rj) (11)

Covi is the covariance matrix estimated from the
p(zi, rj) measured from 120 subsamples. As mentioned
previously, for a robust estimation of the covariance ma-
trix, we always compare slices at di↵erent locations to
include the cosmic variance.
The covariance matrix inferred from a finite number of

samples is always a biased estimate of the true matrix
(Hartlap et al. 2006). This can be corrected by rescaling
the inverse covariance matrix as

Cov

�1
ij,Hartlap =

Ns � nr � 2

Ns � 1
Cov

�1
ij , (12)

where Ns = 120 is the number of mocks used in co-
variance estimation. For this analysis the rescaling is as
large as 1.43. In the case that one has 2 000 mocks the
rescaling is less than 1.02.
Figure 5 displays the 2pCF and the likelihood values

when adopting the four incorrect cosmologies used in
Figure 1. For the cosmologies ⌦m = 0.4, w = �1 and
⌦m = 0.26, w = �0.5, the compression shifts the cluster-
ing patterns to smaller scales at higher redshift and make
the 2pCFs steeper. For the cosmologies ⌦m = 0.15, w =
�1 and ⌦m = 0.26, w = �1.5, the stretch of structure

leads to a shallower slope of ⇠̂r? at higher redshift. In
all cosmologies there is significant detection of redshift
evolution. We compute the �2 values according to Equa-
tion 10, and find that these cosmologies are disfavored at
& 30� CL.

5. COSMOLOGICAL CONSTRAINT

We constrain ⌦m and w through a Bayesian analy-
sis (Christensen et al. (2001); also see Lewis & Bridle
(2002); Li et al. (2016)). We assume that the likelihood
takes the form

L / exp
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2

�
, (13)

and scan the parameter space in the ⌦m � w plane to
obtain the 68.3% and 95.4% CL regions. The result is
displayed in the left panel Figure 6.
We obtain tight constraints on the two parameters.

The 2� contour lies within the region 0.23 < ⌦m < 0.29,
�1.1 < w < �0.9. The two parameters degenerates
strongly with each other, and the area of the constrained
region is quite small. The thin shape of the contour im-
plies that, when combining with other observational data
with a di↵erent degeneracy directions (e.g. CMB, BAO),
a very tight combined constraint could be obtained.
In the case of fixing one parameter at its best-fit value

and constraining the other, one obtains very small 1�
uncertainties of �⌦m ⇡ 0.003, �w ⇡ 0.01.
The simulation sample used in this analysis reaches

z = 2. The constraint becomes weaker if we limit the
highest redshift of the samples. The upper right panel
displays that, in case that we exclude the z = 2 galaxies,
the 2� uncertainties of �⌦m ⇡ 0.01,
�w ⇡ 0.1 (the other parameter fixed at its best-fit value).
The area of contour is further enlarged by ⇡ 50% if we
only use galaxies at z =0, 0.5 and 1.
So far we simply follow the convention of Li et al.

(2016) and adopt 5h�1Mpc < s < 40h�1Mpc as our
analysis scale. As discussed in the §4.3.3, one may want
to avoid large systematics in the non-linear regime. In
this case one may adopt 20h�1Mpc < s < 40h�1Mpc,
which significantly reduces the systematic e↵ects but
does not degrade the power of the parameter constraints,
as shown by the lower left panel of Figure 6.
The choice of the redshift width 105h�1Mpc is also

slightly little arbitrary. It should be larger than the dis-
tance distortion from the RSD and redshift errors. The
optimistic scheme of clustering scales and redshift width
should depend on the specific galaxy sample used in the
analysis. One could adjust them to have a good balance
between the power of cosmological constraint and the
size of systematic e↵ect.
Finally, to put the constraints of our new methodol-

ogy in perspective, the lower right panel displays the
constraints from Planck CMB (dotted blue, Ade et al.
(2015)), the AP analysis using BOSS DR12 galaxies
(solid magenta, Li et al. (2016)), and the joint constraint
⌦m = 0.301± 0.006, w = �1.054± 0.025 obtained using
the CMB+SNIa+BAO+AP (dashed black, Beutler et al.
(2011); Ross et al. (2015); Riess et al. (2011); Betoule et
al. (2014); Anderson et al. (2013); Li et al. (2016)).
The predicted constraints from this method clearly has

an advantage due to the large sample size. The total
number of galaxies used in this work is 1.75 billion, which
is 1,000 times of the BOSS DR12 sample size. So the
constrained area is also ⇠ 30 times smaller. Such a large
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nonlinear regime, would be to increase the scale of anal-
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comes subdominant. Figure 4 shows that, on scales of
s = 20 � 50h�1Mpc the systematic e↵ect is 2-3 times
smaller than that of s = 5 � 20h�1Mpc. Actually, we
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20� 40h�1Mpc, yields cosmological constraints that are
similar to each other (see §4).
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non-standard cosmological scenarios such as modified
gravity and warm dark energy. These topics go beyond
the scope of this preliminary work, however they are wor-
thy future investigations.

4.4. Likelihood Analysis

Adopting the correct cosmological model will result in
minimal evolution of the normalised 2pCF. Thus we pro-
ceed to construct a quantitative likelihood estimator that
reflects this property. The procedure here is very similar
to Li et al. (2014, 2015, 2016). We compare the high
redshift ⇠̂r? and the lowest redshift measurement,
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where nz is the number of redshifts bins, which is 5 in
this analysis, nr is number of binning in ⇠̂r?(r?), which
is 35 since we have r? bins with width 1h�1Mpc in a
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redshift evolution of the correlation function shape with
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previously, for a robust estimation of the covariance ma-
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where Ns = 120 is the number of mocks used in co-
variance estimation. For this analysis the rescaling is as
large as 1.43. In the case that one has 2 000 mocks the
rescaling is less than 1.02.
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ing patterns to smaller scales at higher redshift and make
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�1 and ⌦m = 0.26, w = �1.5, the stretch of structure
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obtain the 68.3% and 95.4% CL regions. The result is
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strongly with each other, and the area of the constrained
region is quite small. The thin shape of the contour im-
plies that, when combining with other observational data
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In the case of fixing one parameter at its best-fit value

and constraining the other, one obtains very small 1�
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The simulation sample used in this analysis reaches

z = 2. The constraint becomes weaker if we limit the
highest redshift of the samples. The upper right panel
displays that, in case that we exclude the z = 2 galaxies,
the 2� uncertainties of �⌦m ⇡ 0.01,
�w ⇡ 0.1 (the other parameter fixed at its best-fit value).
The area of contour is further enlarged by ⇡ 50% if we
only use galaxies at z =0, 0.5 and 1.
So far we simply follow the convention of Li et al.

(2016) and adopt 5h�1Mpc < s < 40h�1Mpc as our
analysis scale. As discussed in the §4.3.3, one may want
to avoid large systematics in the non-linear regime. In
this case one may adopt 20h�1Mpc < s < 40h�1Mpc,
which significantly reduces the systematic e↵ects but
does not degrade the power of the parameter constraints,
as shown by the lower left panel of Figure 6.
The choice of the redshift width 105h�1Mpc is also

slightly little arbitrary. It should be larger than the dis-
tance distortion from the RSD and redshift errors. The
optimistic scheme of clustering scales and redshift width
should depend on the specific galaxy sample used in the
analysis. One could adjust them to have a good balance
between the power of cosmological constraint and the
size of systematic e↵ect.
Finally, to put the constraints of our new methodol-

ogy in perspective, the lower right panel displays the
constraints from Planck CMB (dotted blue, Ade et al.
(2015)), the AP analysis using BOSS DR12 galaxies
(solid magenta, Li et al. (2016)), and the joint constraint
⌦m = 0.301± 0.006, w = �1.054± 0.025 obtained using
the CMB+SNIa+BAO+AP (dashed black, Beutler et al.
(2011); Ross et al. (2015); Riess et al. (2011); Betoule et
al. (2014); Anderson et al. (2013); Li et al. (2016)).
The predicted constraints from this method clearly has

an advantage due to the large sample size. The total
number of galaxies used in this work is 1.75 billion, which
is 1,000 times of the BOSS DR12 sample size. So the
constrained area is also ⇠ 30 times smaller. Such a large
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Figure 3. The 2pCF across the LOS, ⇠r? (left panels), the shape of ⇠̂r? (middle panels), and the evolution with respect to the z = 0

value, ⇠̂r? (z = zi) � ⇠̂r? (z = 0) (right panels). Upper panels show that in the correct cosmology the redshift evolution of the shape of
2pCF is rather small regardless of the large redshift evolution of the amplitude, whereas the lower panels show that, in a wrong cosmology
⌦m = 0.05, w = �1.5, the redshift evolution of ⇠̂r? is very significant.

use the denotation

⇠r? ⌘ r?⇠. (5)

Among the di↵erent redshift bins there is large varia-
tion in the amplitude of ⇠(r?). The amplitude is propor-
tional to the clustering strength, which is a↵ected by the
gravitational growth of structures and the galaxy bias.
The amplitude is highest at z = 0 where the structures
experienced the most growth. ⇠(r?) increases at z > 1
with increasing redshift due to the increasing galaxy bias.
Although there is large variation in amplitude between

the di↵erent redshifts bins, the shape of ⇠r? remains sim-
ilar at all redshifts; in general it peaks at r ⇠ 9h�1Mpc
and monotonically drops or increases at larger or smaller
scales. The only exception is the small enhancement at
r . 2h�1Mpc, which is caused by the non-linear growth
of structures and is much more significant at lower red-
shift.
In order to directly compare the shape of the 2pCF

at di↵erent redshifts, in the middle panel of Figure 3 we
show the r?⇠ normalized by the overall amplitude within

5h�1Mpc < r < 40h�1Mpc (here after ⇠̂r?):

⇠̂r? ⌘

r?⇠(r?)R r?,max

r?,min

r?⇠(r?)dr?/(r?,max � r?,min)
, (6)

where we choose r?,min = 5h�1 Mpc, r?,max = 40h�1

Mpc in this analysis. Below 5h�1 Mpc the non-linear
growth of structure leads to systematic redshift evolu-
tion which could be di�cult to be reliably accounted;
On scales larger than 40h�1 Mpc, the analytical model-
ing of the shape of ⇠r? is relatively well understood; one
can just fit the 2pCF with the theoretical predictions
(Bernardeaua et al. 2002; Salvador et al. 2014, 2016) in-
stead of using our method (although our method should
also be applicable).
In the upper-middle panel, the overlapping of ⇠̂r?

clearly shows that there is minimal redshift evolution of
the shape. In the upper-right panel, we further show the
residual evolution at high redshifts with respect to z = 0.
There is only 1-4% enhancement at r < 10h�1Mpc, and
< 1.5% suppression at r > 25h�1Mpc. The trend is
monotonic with redshift.
There is one detail in the analysis that should be em-

Minimise the difference 

xi measured from a fiducial 
simulation has been used to 

correct our systematic, ie small 
scale growth of structure, RSD
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Figure 5. ⇠̂r? (upper panels) and ⇠̂r? (z = zi)� ⇠̂r? (z = 0) (lower panels) at several redshifts, for four wrong cosmologies. The redshift

evolution of the ⇠̂r? shape in these wrong cosmologies are detected at high CL.

Fiducial cosmology mocks coord transformed under 
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Figure 6. Upper left: Likelihood contours (68.3%, 95.4%) in the ⌦m � w plane from our method, based on the redshift evolution of
the angular 2pCF shape !̂r? . The green point denotes our fiducial cosmological model and the contours denote the statistical error.
Utilizing the HR4 snapshots data (containing hundreds of millions of galaxies at redshifts 0, 0.5, 1, 1.5, 2), the method lead to very tight
cosmological constraint. Upper right: The constraints in case that one or two high redshift bins are not used. Lower left: The 95.4%
likelihood contours using di↵erent clustering scales. Lower right: A comparison of the constraint with the cosmological constraints from
the current observational data.

dominantly reside within nonlinear, over-dense regions
and thus have larger larger peculiar velocities. The third
row of Figure 4 shows that, the di↵erence of ⇠̂r? among
di↵erent mass cut samples reaches 1.5%, 4% and 8% in
the case when including the RSD e↵ect.
Finally, the fourth row of the Figure displays the red-

shift evolution in case of using samples with constant
number density n̄ = 7.3 ⇥ 10�3Mpc�3h3, with the RSD
e↵ect considered. We see the redshift evolution of ⇠̂r? is
as small as . 3%.

4.3.3. More discussion

In summary, we aim to minimise the redshift evolution
of the shape of the normalised 2-point correlation func-
tion across the LOS. We find that this shape change is
dramatic when considering a cosmological model signifi-
cantly di↵erent from the fiducial model. However even in
the case of the correct cosmology there remains a small
signal, due to growth of structures, RSD and galaxy bias.
These systematics are removed with the aid of simula-
tions. The procedure of the correction of systematics is
similar to what was implemented in our previous papers
Li et al. (2014, 2015, 2016).
The systematics are estimated from a simulation con-

ducted using a particular cosmology. Thus there could
be a bias in their estimation if the simulation cosmol-
ogy is di↵erent from the true cosmological model. The
bias would not be serious if the simulation cosmology is
consistent with the best-fit cosmological parameters ob-
tained from the analysis Li et al. (2016). In the case that
there is a large discrepancy between the simulation cos-
mology and the best-fit cosmology, one needs to adjust
the simulation cosmology and re-do the analysis.
A more precise approach would involve estimating

the systematic e↵ect from a set of simulations cover-
ing the relevant volume of the parameter space. This
would remove the remaining uncertainty associated with
the cosmological dependence. This approach would
also enable the estimation of the systematic error,
which could be important when the sample size is large
enough and the systematic error becomes as small as the
statistical error.
The third row of Figure 4 shows that, if having a large

di↵erence in galaxy bias between the samples, there is a
large systematic variation on small scales. This means
that accurate modelling of systematics from simulations
is required. In an e↵ort to mitigate this problem, one
can conduct the analysis using a volume-limited galaxy
sample, where the redshift evolution of galaxy properties

using 1.75 Billion 
mock galaxies from 
the Horizon Run4 

simulation

from z=0 -> 2

Potential for use with 
LSST
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Figure 6. Upper left: Likelihood contours (68.3%, 95.4%) in the ⌦m � w plane from our method, based on the redshift evolution of
the angular 2pCF shape !̂r? . The green point denotes our fiducial cosmological model and the contours denote the statistical error.
Utilizing the HR4 snapshots data (containing hundreds of millions of galaxies at redshifts 0, 0.5, 1, 1.5, 2), the method lead to very tight
cosmological constraint. Upper right: The constraints in case that one or two high redshift bins are not used. Lower left: The 95.4%
likelihood contours using di↵erent clustering scales. Lower right: A comparison of the constraint with the cosmological constraints from
the current observational data.

dominantly reside within nonlinear, over-dense regions
and thus have larger larger peculiar velocities. The third
row of Figure 4 shows that, the di↵erence of ⇠̂r? among
di↵erent mass cut samples reaches 1.5%, 4% and 8% in
the case when including the RSD e↵ect.
Finally, the fourth row of the Figure displays the red-

shift evolution in case of using samples with constant
number density n̄ = 7.3 ⇥ 10�3Mpc�3h3, with the RSD
e↵ect considered. We see the redshift evolution of ⇠̂r? is
as small as . 3%.

4.3.3. More discussion

In summary, we aim to minimise the redshift evolution
of the shape of the normalised 2-point correlation func-
tion across the LOS. We find that this shape change is
dramatic when considering a cosmological model signifi-
cantly di↵erent from the fiducial model. However even in
the case of the correct cosmology there remains a small
signal, due to growth of structures, RSD and galaxy bias.
These systematics are removed with the aid of simula-
tions. The procedure of the correction of systematics is
similar to what was implemented in our previous papers
Li et al. (2014, 2015, 2016).
The systematics are estimated from a simulation con-

ducted using a particular cosmology. Thus there could
be a bias in their estimation if the simulation cosmol-
ogy is di↵erent from the true cosmological model. The
bias would not be serious if the simulation cosmology is
consistent with the best-fit cosmological parameters ob-
tained from the analysis Li et al. (2016). In the case that
there is a large discrepancy between the simulation cos-
mology and the best-fit cosmology, one needs to adjust
the simulation cosmology and re-do the analysis.
A more precise approach would involve estimating

the systematic e↵ect from a set of simulations cover-
ing the relevant volume of the parameter space. This
would remove the remaining uncertainty associated with
the cosmological dependence. This approach would
also enable the estimation of the systematic error,
which could be important when the sample size is large
enough and the systematic error becomes as small as the
statistical error.
The third row of Figure 4 shows that, if having a large

di↵erence in galaxy bias between the samples, there is a
large systematic variation on small scales. This means
that accurate modelling of systematics from simulations
is required. In an e↵ort to mitigate this problem, one
can conduct the analysis using a volume-limited galaxy
sample, where the redshift evolution of galaxy properties
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dominantly reside within nonlinear, over-dense regions
and thus have larger larger peculiar velocities. The third
row of Figure 4 shows that, the di↵erence of ⇠̂r? among
di↵erent mass cut samples reaches 1.5%, 4% and 8% in
the case when including the RSD e↵ect.
Finally, the fourth row of the Figure displays the red-

shift evolution in case of using samples with constant
number density n̄ = 7.3 ⇥ 10�3Mpc�3h3, with the RSD
e↵ect considered. We see the redshift evolution of ⇠̂r? is
as small as . 3%.

4.3.3. More discussion

In summary, we aim to minimise the redshift evolution
of the shape of the normalised 2-point correlation func-
tion across the LOS. We find that this shape change is
dramatic when considering a cosmological model signifi-
cantly di↵erent from the fiducial model. However even in
the case of the correct cosmology there remains a small
signal, due to growth of structures, RSD and galaxy bias.
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tions. The procedure of the correction of systematics is
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The systematics are estimated from a simulation con-
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be a bias in their estimation if the simulation cosmol-
ogy is di↵erent from the true cosmological model. The
bias would not be serious if the simulation cosmology is
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tained from the analysis Li et al. (2016). In the case that
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the simulation cosmology and re-do the analysis.
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would remove the remaining uncertainty associated with
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which could be important when the sample size is large
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Figure 6. Upper left: Likelihood contours (68.3%, 95.4%) in the ⌦m � w plane from our method, based on the redshift evolution of
the angular 2pCF shape !̂r? . The green point denotes our fiducial cosmological model and the contours denote the statistical error.
Utilizing the HR4 snapshots data (containing hundreds of millions of galaxies at redshifts 0, 0.5, 1, 1.5, 2), the method lead to very tight
cosmological constraint. Upper right: The constraints in case that one or two high redshift bins are not used. Lower left: The 95.4%
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dominantly reside within nonlinear, over-dense regions
and thus have larger larger peculiar velocities. The third
row of Figure 4 shows that, the di↵erence of ⇠̂r? among
di↵erent mass cut samples reaches 1.5%, 4% and 8% in
the case when including the RSD e↵ect.
Finally, the fourth row of the Figure displays the red-

shift evolution in case of using samples with constant
number density n̄ = 7.3 ⇥ 10�3Mpc�3h3, with the RSD
e↵ect considered. We see the redshift evolution of ⇠̂r? is
as small as . 3%.

4.3.3. More discussion

In summary, we aim to minimise the redshift evolution
of the shape of the normalised 2-point correlation func-
tion across the LOS. We find that this shape change is
dramatic when considering a cosmological model signifi-
cantly di↵erent from the fiducial model. However even in
the case of the correct cosmology there remains a small
signal, due to growth of structures, RSD and galaxy bias.
These systematics are removed with the aid of simula-
tions. The procedure of the correction of systematics is
similar to what was implemented in our previous papers
Li et al. (2014, 2015, 2016).
The systematics are estimated from a simulation con-

ducted using a particular cosmology. Thus there could
be a bias in their estimation if the simulation cosmol-
ogy is di↵erent from the true cosmological model. The
bias would not be serious if the simulation cosmology is
consistent with the best-fit cosmological parameters ob-
tained from the analysis Li et al. (2016). In the case that
there is a large discrepancy between the simulation cos-
mology and the best-fit cosmology, one needs to adjust
the simulation cosmology and re-do the analysis.
A more precise approach would involve estimating

the systematic e↵ect from a set of simulations cover-
ing the relevant volume of the parameter space. This
would remove the remaining uncertainty associated with
the cosmological dependence. This approach would
also enable the estimation of the systematic error,
which could be important when the sample size is large
enough and the systematic error becomes as small as the
statistical error.
The third row of Figure 4 shows that, if having a large

di↵erence in galaxy bias between the samples, there is a
large systematic variation on small scales. This means
that accurate modelling of systematics from simulations
is required. In an e↵ort to mitigate this problem, one
can conduct the analysis using a volume-limited galaxy
sample, where the redshift evolution of galaxy properties
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dramatic when considering a cosmological model signifi-
cantly di↵erent from the fiducial model. However even in
the case of the correct cosmology there remains a small
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These systematics are removed with the aid of simula-
tions. The procedure of the correction of systematics is
similar to what was implemented in our previous papers
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The systematics are estimated from a simulation con-
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be a bias in their estimation if the simulation cosmol-
ogy is di↵erent from the true cosmological model. The
bias would not be serious if the simulation cosmology is
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there is a large discrepancy between the simulation cos-
mology and the best-fit cosmology, one needs to adjust
the simulation cosmology and re-do the analysis.
A more precise approach would involve estimating

the systematic e↵ect from a set of simulations cover-
ing the relevant volume of the parameter space. This
would remove the remaining uncertainty associated with
the cosmological dependence. This approach would
also enable the estimation of the systematic error,
which could be important when the sample size is large
enough and the systematic error becomes as small as the
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These systematics are removed with the aid of simula-
tions. The procedure of the correction of systematics is
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be a bias in their estimation if the simulation cosmol-
ogy is di↵erent from the true cosmological model. The
bias would not be serious if the simulation cosmology is
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tained from the analysis Li et al. (2016). In the case that
there is a large discrepancy between the simulation cos-
mology and the best-fit cosmology, one needs to adjust
the simulation cosmology and re-do the analysis.
A more precise approach would involve estimating

the systematic e↵ect from a set of simulations cover-
ing the relevant volume of the parameter space. This
would remove the remaining uncertainty associated with
the cosmological dependence. This approach would
also enable the estimation of the systematic error,
which could be important when the sample size is large
enough and the systematic error becomes as small as the
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is intrinsically nonlinear. Even at large scales, higher-order con-
tributions to the mapping formula are non negligible. For this
reason, there have been several improved models of RSD that
have been proposed that add correction terms to the Kaiser for-
mula in Eq. (1). Taking account of those e↵ects is thus crucial
and essential for unbiased parameter estimation in the practical
data analysis. On the other hand, the estimation of statistical er-
rors does not typically depend on those elaborate factorized for-
mulations, because the statistical error of each parameter mainly
comes from the measurement uncertainties, including the cos-
mic variance and shot noise. Unless a significant contribution
of higher-order corrections arises, the structure of parameter de-
generacies will remain unchanged. Hence, in this paper, we do
not consider such higher-order corrections.

Nevertheless, the suppression of the galaxy clustering ampli-
tude due to random motions is a non–perturbative e↵ect, which
significantly a↵ects the power spectrum even at large scales, and
should be accounted for in the basic formulation of Eq. (1). Here,
we assume that this FoG e↵ect is given in a factorized form, and
multiplied as,

P̃(k) = DP
FoG(k)P̃lin(k) . (3)

The DP
FoG(k) is given by the Gaussian form as,

DP
FoG(k) = exp


�

⇣
kµ�p

⌘2
�
, (4)

where �p denotes the dispersion of the one-point PDF of the ve-
locity in one-dimension. Note that at smaller scales, the virial
motion of galaxies inside a cluster of galaxies also leads to a
suppression of the power spectrum in redshift space. When
(kµ�p)2 ⌧ 1, the leading order term of Eq. (3) is dominant over
all other higher orders, and the estimated errors are immune from
the exact functional form of Eq. (3). The linear �p is used for
the fiducial value.

While the initial condition for perturbations is assumed to be
Gaussian, gravitational evolution naturally induces mode-mode
coupling, giving rise to the non-vanishing bispectrum. Further-
more, coupled with galaxy bias and RSD, the bispectrum in red-
shift space becomes rather complicated. The resultant leading-
order expression for the bispectrum (e.g., ?), valid at large scales,
is given by,

B̃PT(k1,k2,k3) = 2
h
Z2(k1,k2)Z1(k1)Z1(k2)P(k1)P(k2) .

+ cyclic
i

(5)

The kernel Z2 is defined as,

Z2(ki,k j) ⌘ b2

2
+ bF2(ki,k j) + fµ2

i jG2(ki,k j) (6)

+
fµi jki j
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"
µi

ki
(b + fµ2

j ) +
µ j

k j
(b + fµ2

i )
#
,

where we define µi = (ki · ẑ)/ki, ki j = ki + k j, µi j = (ki j · ẑ)/ki j,
with ẑ being the line-of-sight unit vector. Here, we incorporate
the uncertainty of the nonlinear galaxy bias characterized by b2
into the kernel Z2, adopting the local bias prescription (e.g., ?),
i.e., �g = b �m + (b2/2) �2m + · · · . In the above, the functions F2
and G2 are the standard PT kernel in real space, given by,

F2(ki,k j) =
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7
⌘2
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with ⌘i j = (ki · k j)/(kik j). Note that the configuration of bispec-
trum satisfies the triangular condition, which is expressed by the
directional vector constraint,

k1 + k2 + k3 = 0 . (9)

In contrast to the redshift-space power spectrum, the influ-
ence of nonlinear RSD on Eq. (5) is not yet fully understood and
studied in detail. Although it deserves further investigation, we
can make an educated guess on the possible damping e↵ect due
to the random motion of galaxies. The FoG e↵ect in the bispec-
trum is assumed to be Gaussian as ?,

DB
FoG(k1,k2,k3) = exp

h
�(k2

1µ
2
1 + k2

2µ
2
2 + k2

3µ
2
3)�2

p

i
. (10)

Then the observed bispectrum is given by,

B̃(k1,k2,k3) = DB
FoG(k1,k2,k3)B̃PT(k1,k2,k3) . (11)

Again, when (kµ�p)2 ⌧ 1, the detailed functional form of DB
FoG

is not important for our estimation.
In addition to the anisotropies induced by the RSD, the ob-

served galaxy clustering also exhibits anisotropies through the
Alcock-Paczynski (A-P) e↵ect. This can happen if the back-
ground expansion of the real universe di↵ers from the fiducial
cosmology used to convert the redshift and angular position of
each galaxy to the comoving radial and transverse distances.

While this e↵ect leads to the modulation in the shape and
amplitude of the power spectrum and bispectrum, if the shape
of these quantities is a priori known, it o↵ers a unique opportu-
nity to measure the angular diameter distance DA(z) and Hubble
parameter H(z) of distant galaxies at redshift z using the char-
acteristic shape of the galaxy clustering in both the radial and
transverse directions. Furthermore, providing information on the
evolution of density and velocity fields, the two types of apparent
anisotropies (i.e., RSD and A-P e↵ects) become distinguishable,
and the geometric distances DA and H can be separately and ac-
curately determined. This is indeed possible if we know at least
the broadband shape of spectrum. In other words, given a ac-
curate theoretical template which describes the broadband shape
of the power spectrum and bispectrum, the simultaneous con-
straints on the geometric distances and growth of structure are
made possible. We dub this method as a broadband A-P test.

The anisotropies in the power spectrum caused by the A-P
e↵ect are modeled as follows. Denoting the true power spectrum
by P̃ , the observed power spectrum becomes

P̃obs(k, µ) =
 

Htrue

Hfid

! 0BBBB@
Dfid

A

Dtrue
A

1
CCCCA

2

P̃(q, ⌫) , (12)

where (k, µ) denotes the fiducial coordinates for the underlying
cosmological model, and (q, ⌫) represents the coordinates in the
true cosmology.

The A-P e↵ect for the bispectrum is also modeled in a similar
way, and the resultant shape of bispectrum depends now on five
parameters, i.e., (k1, k2, k3, µ1, µ2). The observed bispectrum is
thus related to the true one given in Eq. (11) through,

B̃obs(k1, k2, k3, µ1, µ2) =

 
Htrue

Hfid

!2 0
BBBB@

Dfid
A

Dtrue
A

1
CCCCA

4

⇥ B̃(q1, q2, q3, ⌫1, ⌫2) . (13)

The relations between two coordinates are give by,

qi = ↵(µi)ki , (14)
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* We look for a redshift invariant quantity that captures 
the volume change of the more general Alcock-Paczynski 
geometrical distortion.  

* After modelling the residual / systematic terms we can 
recover tight unbiased constraints on the matter content 
and EoS of Dark Energy 

* The systematic correction is not cosmology dept, within 
small shifts, but we need to test this further.  

* Rather than using simulations for modelling the 
nonlinear small scale clustering and RSD effects, we want 
to develop a theoretical approach using eg perturbation 
theory.  

* Higher Order Statistics like the 3-point correlation 
function may give us more information on the BAO scale
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Background: Observables
Key observables in spectroscopic galaxy surveys: 

(1) Angular diameter distance DA 
- Exploiting BAO as standard rulers which measure the 
angular diameter distance and expansion rate as a function of 
redshift. 

(2) Radial distance H-1 
- Exploiting redshift distortions as intrinsic anisotropy to 
decompose the radial distance represented by the inverse of 
Hubble rate as a function of redshift. 

(3) Growth Rate, f  (dδ/d ln a) 
- The coherent motion, or flow, of galaxies can be statistically 
estimated from their effect on the clustering measurements of 
large redshift surveys, or through the measurement of redshift 
space distortions. 

2 Xiao-Dong Li, Changbom Park, Cristiano G. Sabiu and Juhan Kim

which leads to apparent anisotropy even if the adopted cos-
mology is correct (Ballinger Peacock & Heavens 1996). In Li
et al. (2014) we proposed a new method utilizing the red-
shift dependence of AP effect to overcome the RSD problem,
which uses the isotropy of the galaxy density gradient field.
We found that the redshift dependence of the anisotropy
created by RSD is much less significant compared with the
anisotropy caused by AP. Thus we measured the redshift de-
pendence of the galaxy density gradient field, which is less
affected by RSD, but still sensitive to cosmological parame-
ters.

The two-point correlation analysis is the most widely
used method to study the large scale clusterings of galax-
ies. So, in this paper we revisit the topic of Li et al. (2014)
using the galaxy two-point correlation function (2pCF). By
investigating the redshift dependence of anisotropic galaxy
clustering we can measure the AP effect despite of contam-
ination from RSD. Moreover, if the redshift evolution of
galaxy bias can be reliably modelled, then we can measure
the redshift evolution of volume effect from the amplitude
of 2pCF. The change of the comoving volume size is another
consequence of a wrongly adopted cosmology, which has mo-
tivated methods constraining cosmological parameters from
number counting of galaxy clusters (Press & Shechter 1974;
Viana & Liddle 1996) and topology (Park & Kim 2010).

The outline of this paper proceeds as follows. In §2 we
briefly review the nature and consequences of the AP effect
and volume changes when performing coordinate transforms
in a cosmological context. In §3 we describe the N-body
simulations and mock galaxy catalogues that are used to
test our methodology. In §4 we will describe our new analysis
method for quantifying the anisotropic clustering as well as
proposing a way to deal with the RSD that are convolved
with the AP distortion. Here we will also present results of
our optimised estimator. We conclude in §5.

2 THE AP AND VOLUME EFFECT DUE TO

WRONGLY ASSUMED COSMOLOGICAL

PARAMETERS

The AP and volume effect due to wrongly assumed cosmo-
logical parameters are shown in the upper panel of Figure
1. Suppose that the true cosmology is a flat ΛCDM with
present density parameter Ωm = 0.26 and standard dark
energy equation of state (EoS) w = −1. If we were to dis-
tribute four perfect squares at various distances from 500
Mpc/h to 3,000 Mpc/h, and an observer were to measure
their redshifts and compute their positions and shapes us-
ing redshift-distance relations of two incorrect cosmologies:

(i) Ωm = 0.41, w = −1.3,
(ii) Ωm = 0.11, w = −0.7,

the shapes of the squares appear distorted (AP effect), and
their volumes are changed (volume effect). In the cosmolog-
ical model (ii) with Ωm = 0.11, w = −0.7, we see a stretch
of the shape in the LOS direction (hereafter “LOS shape
stretch”) and magnification of the volume (hereafter “vol-
ume magnification”), while in the model with Ωm = 0.41,
w = −1.3, we see opposite effects, with LOS shape compres-
sion and volume shrinkage.

The degree of LOS shape stretch and volume magnifi-
cation can be described by the following quantities

[∆r∥/∆r⊥]wrong

[∆r∥/∆r⊥]true
=

[DA(z)H(z)]true
[DA(z)H(z)]wrong

, (1)

Volumewrong

Volumetrue
=

[DA(z)2/H(z)]wrong

[DA(z)2/H(z)]true
, (2)

where ∆r∥, ∆r⊥ are the angular and radial sizes of the ob-
jects, and “true” and “wrong” denote the values of quanti-
ties in the true cosmology and wrongly assumed cosmology.
DA and H are the angular diameter distance and Hubble
parameter, respectively. In the particular case of a flat uni-
verse with constant dark energy EoS, they take the forms
of

H(z) = H0

√

Ωma−3 + (1− Ωm)a−3(1+w),

DA(z) =
1

1 + z
r(z) =

1
1 + z

∫ z

0

dz′

H(z′)
, (3)

where a = 1/(1 + z) is the cosmic scale factor, H0 is the
present value of Hubble parameter and r(z) is the comoving
distance.

In the lower panel of Figure 1, we plot the degree of
LOS shape stretch and volume magnification as functions
of redshift. In cosmology (i), both quantities have value
less than 1, indicating LOS shape compression and volume
shrink. The effect in cosmology (ii) is slightly more subtle.
At low redshift, the effect of dark energy is important, and
there is LOS shape compression and volume reduction due
to the quintessence like dark energy EoS. However, at higher
redshift the role of dark matter is more important, and we
see LOS shape stretch and volume magnification due to the
small Ωm.

More importantly, Figure 1 highlights the redshift de-
pendence of the AP and volume effects. For example, in the
cosmology with Ωm = 0.41, w = −1.3, both the LOS shape
stretch and volume magnification become more significant
with increasing redshift. In the cosmology with Ωm = 0.11,
w = −0.7, not only do the magnitudes of the effects evolve
with redshift, but there is also a turnover from LOS shape
compression and volume shrink at lower redshift to LOS
shape stretch and volume magnification at higher redshift.

3 DATA

We test the methodology using mock surveys constructed
from one of the Horizon Run simulations, HR3. HR3 are a
suite of large volume N-body simulations that have resolu-
tions and volumes capable of reproducing the observational
statistics of many current major redshift surveys like SDSS
BOSS etc (Park et al. 2005; Kim et al. 2009, 2011). HR3
adopts a flat-space ΛCDM cosmology with the WMAP 5
year parameters Ωm = 0.26, H0 = 72km/s/Mpc, ns = 0.96
and σ8 = 0.79 (Komatsu et al. 2011). The simulation was
made in a cube of volume (10.815 h−1Gpc)3 using 71203

particles with particle mass of 1.25 × 1011h−1M⊙ .
The simulations were integrated from z = 27 and

reached z = 0 after making Nstep = 600 timesteps. Dark
matter halos were identified using the Friend-of-Friend algo-
rithm with the linking length of 0.2 times the mean particle

c⃝ 2002 RAS, MNRAS 000, 1–8
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