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Large-scale structure (LSS)
Spatial inhomogeneity of mass distribution at 1~10^3 Mpc

• It is traditionally traced by galaxy 
clustering via galaxy redshift surveys

• LSS has evolved under the influence 
of gravity & cosmic expansion

Statistical nature of LSS carries 
rich cosmological information

SDSS-II	


Main galaxies



Theoretical issues

Confronting theory of LSS with precision observations:

Reducing and/or controlling 
non-linear effects

• Redshift-space distortions
• Non-linear gravity

• Galaxy biasing

How to accurately describe the evolution of LSS

z=18.3
z=5.7

z=1.4
z=0



Mapping initial cond. to observables

Initial power spectrum Observables

�0(k)

P0(k)
P (k; z)

�(k; z)

B(k1, k2, k3; z)

T (k1, k2, k3, k4; z)

··
·

Concept of ‘propagator’ in physics/mathematics may be useful

from linear theory

of dark matter/galaxies/halos
(CMB Boltzmann code)

initial density field (Gaussian) Evolved density field (non-Gaussian)



Propagator in physics

✦ Probability amplitude in quantum mechanics

✦ Green’s function in linear differential equations

( )

G(x, t;x�, t�)
( )

Schrödinger Eq.



Cosmic propagators

(Non-linear extension of Green’s function)

non-linear evolution & statistical properties
Propagator should carry information of

Ensemble w.r.t  randomness of initial condition

�
� �m(k; t)
� �0(k�)

�
� �D(k � k�) �(k; t)

Evolved (non-linear) density field

Initial density field

Propagator

Crocce & Scoccimarro (’06)

�(1)(k; t)

Contain statistical information on full-nonlinear evolution

This is not sufficient to describe nonlinear mode-coupling of LSS
but 



Multi-point propagators

As a natural generalization,
Bernardeau, Crocce & Scoccimarro (’08)

or Wiener-Hermite expansion

• Building blocks of a new perturbative theory (PT) expansion

Γ-expansion

�
�n �m(k; t)

� �0(k1) · · · � �0(kn)

�
= (2�)3(1�n) �D(k � k�) �(n)(k1, · · · ,kn; t)

Multi-point propagator

• A good convergence of PT expansion is expected

With this multi-point prop. 

(c.f.  standard PT)
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FIG. 13: Reconstruction of the bispectrum from multi-point
propagators. The crossed circles represent initial power spec-
tra. The sum in Eq. (59) runs over the number of connecting
lines between each of the emerging modes, e.g. that cross
each of the dashed half lines.
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This sum is diagrammatically represented in Fig. 13. We see that it runs over the number of lines that connect each
side of the diagram (with the constraint that at most one of the indices r, s or t is zero, otherwise we would have
a disconnected diagram). The leading order (tree) contribution is then obtained for r = s = 1, t = 0 (plus cyclic
permutations), up to one-loop corrections (in square brackets) we have

B(k1, k2, k3) = 2 Γ(2)(k1,k2)Γ(1)(k1)Γ(1)(k2)P0(k1)P0(k2) + cyc.

+
[

8

∫

d3q Γ(2)(k1 − q,q)Γ(2)(k2 + q,−q)Γ(2)(q − k1,−k2 − q)P0(|k1 − q|)P0(|k2 + q|)P0(q)

+ 6

∫

d3q Γ(3)(−k3,−k2 + q,−q)Γ(2)(k2 − q,q)Γ(1)(k3)P0(|k2 − q|)P0(q)P0(k3) + cyc.
]

. (60)

Note that having resummed the multi-point propagators
means that many of the one-loop corrections in standard
PT are already encoded in Γ(p) and thus the number of
one-loop diagrams is reduced. For the power spectrum
we have one instead of two diagrams, for the bispectrum
we have two instead of the four in standard PT [21].

It is useful to compare the structure of Eqs. (58)
and (60). We see that the one-loop corrections to the
power spectrum depend on the initial power spectrum P0

through a convolution with the three-point propagator
Γ(2), which determines the large-scale (tree-level) bispec-
trum. The two-loop correction to the power spectrum in-
volves a similar convolution with Γ(3), which determines
the large-scale trispectrum, and contributes to the one-
loop bispectrum. This pattern continues to higher or-
ders, demonstrating that in order to extract the most

information about the initial power spectrum P0, it is
advantageous to simultaneously measure the power spec-
trum and higher-order spectra at large scales and include
these relationships when doing cosmological parameter
estimation.

As a preliminary application of these results, we com-
pute the reduced bispectrum Q defined by

Q =
B(k1, k2, k3)

P (k1)P (k2) + P (k2)P (k3) + P (k3)P (k1)
, (61)

where we use one-loop results for both the power spec-
trum and bispectrum from Eq. (58) and Eq. (60), respec-
tively. Since we don’t yet have a full prescription for the
multi-point propagators valid at all scales, we use their
high-k limit expressions, Eq. (42) modified as follows,

Bispectrum

P(k)
= + 6+ 2 + ...

initial P(k)

k -k k -k k -k k -k

q -q

k-q -(k-q)

q -q

k-p-q -(k-p-q)

p -p

=B(k1, k2, k3) 2 + 8 + 6 + cyc.
k2

k1k3

k2

k1k3

k2

k1k3
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Note that the formal solution of Φa can be obtained from Eq. (2) and is expressed as (e.g., [2, 3])

Ψa(k; η) = gab(η, η0) φb(k) +
∫ η

η0

dη′gab(η, η′)
∫

d3k1 d3k2

(2π)3
δD(k − k1 − k2) γbcd(k1, k2)Ψc(k1; η′)Ψd(k2; η′). (5)

Here, the quantity φa(k) ≡ Ψa(k, η0) denotes the initial condition, and the quantity gab denotes the linear propagator
satisfying the following equation:

[
δab

∂

∂η
+ Ωab(η)

]
gbc(η, η′) = 0, (6)

with the boundary condition gab(η, η) = δab. The statistical properties of the field Ψa is encoded in the initial field
φa, for which we assume Gaussian statistics. The power spectrum of φa is defined as

⟨φa(k)φb(k′)⟩ = (2π)3 δD(k + k′)Pab(k). (7)

In what follows, we neglect the decaying modes of linear perturbation, and assumed that only the growing mode is
survived. This implies that the field φa(k) is factorized as φa(k) = δ0(k)ua with ua = (1, 1), and thus the power
spectrum is simply reduced to Pab(k) = P0(k)uaub.

Eq. (2) or (5) is the building block of large-scale structure, and the three quantities γabc, gab and P0uaub introduced
here constitute the basic pieces of standard PT.

B. Γ expansion

〈
Φa(k; η)Φb(k′; η)

〉
= (2π)3 δD(k + k′)Pab(|k|; η) (8)

Ψ(n)
a (k; η) =

∫
d3k1 · · · d3kn

(2π)3(n−1)
Fab1b2···bn(k1, · · · , kn; η)Ψb1(k1) · · ·Ψbn(kn). (9)

1
p!

〈
δpΨa(k, η)

δφc1(k1) · · · δφcp(kp)

〉
= δD(k − k1···p)

1
(2π)3(p−1)

Γ(p)
ac1···cp(k1, · · · , kp; η) (10)

Pab(|k|; η) =
∑

t!
∫

d3q1 · · · d3qt

(2π)3(t−1)
δ(k − q1···t)Γ

(t)
a (q1, · · · , qt; η)Γ(t)

b (q1, · · · , qt; η)P0(q1) · · ·P0(qt) (11)

Γ(t)
a (q1, · · · , qt; η) = Γ(t)

ac1···ct(q1, · · · , qt; η)uc1 · · ·uct (12)

For the matter power spectrum, P (k; η) = P11(k; η),

P (k; η) =
[
Γ(1)(k; η)

]2
P0(k) + 2

∫
d3q

(2π)3
[
Γ(2)(q,k − q; η)

]2
P0(q)P0(|k − q|)

+ 6
∫

d6pd3q

(2π)6
[
Γ(3)(p, q, k − p − q; η)

]2
P0(p)P0(q)P0(|k − p − q|) (13)

with Γ(p) = Γ(p)
1 .
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FIG. 13: Reconstruction of the bispectrum from multi-point
propagators. The crossed circles represent initial power spec-
tra. The sum in Eq. (59) runs over the number of connecting
lines between each of the emerging modes, e.g. that cross
each of the dashed half lines.
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side of the diagram (with the constraint that at most one of the indices r, s or t is zero, otherwise we would have
a disconnected diagram). The leading order (tree) contribution is then obtained for r = s = 1, t = 0 (plus cyclic
permutations), up to one-loop corrections (in square brackets) we have

B(k1, k2, k3) = 2 Γ(2)(k1,k2)Γ(1)(k1)Γ(1)(k2)P0(k1)P0(k2) + cyc.

+
[

8

∫

d3q Γ(2)(k1 − q,q)Γ(2)(k2 + q,−q)Γ(2)(q − k1,−k2 − q)P0(|k1 − q|)P0(|k2 + q|)P0(q)

+ 6

∫

d3q Γ(3)(−k3,−k2 + q,−q)Γ(2)(k2 − q,q)Γ(1)(k3)P0(|k2 − q|)P0(q)P0(k3) + cyc.
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. (60)

Note that having resummed the multi-point propagators
means that many of the one-loop corrections in standard
PT are already encoded in Γ(p) and thus the number of
one-loop diagrams is reduced. For the power spectrum
we have one instead of two diagrams, for the bispectrum
we have two instead of the four in standard PT [21].

It is useful to compare the structure of Eqs. (58)
and (60). We see that the one-loop corrections to the
power spectrum depend on the initial power spectrum P0

through a convolution with the three-point propagator
Γ(2), which determines the large-scale (tree-level) bispec-
trum. The two-loop correction to the power spectrum in-
volves a similar convolution with Γ(3), which determines
the large-scale trispectrum, and contributes to the one-
loop bispectrum. This pattern continues to higher or-
ders, demonstrating that in order to extract the most

information about the initial power spectrum P0, it is
advantageous to simultaneously measure the power spec-
trum and higher-order spectra at large scales and include
these relationships when doing cosmological parameter
estimation.

As a preliminary application of these results, we com-
pute the reduced bispectrum Q defined by

Q =
B(k1, k2, k3)

P (k1)P (k2) + P (k2)P (k3) + P (k3)P (k1)
, (61)

where we use one-loop results for both the power spec-
trum and bispectrum from Eq. (58) and Eq. (60), respec-
tively. Since we don’t yet have a full prescription for the
multi-point propagators valid at all scales, we use their
high-k limit expressions, Eq. (42) modified as follows,



RegPT
A public PT code based on multi-point propagators at 2-loop

AT, Bernardeau, Nishimichi & Codis ('12)

poor convergence of standard PT expansion, since
the low-k behavior of regularized propagators heav-
ily relies on the standard PT treatment. To be spe-

cific, the convergence of !ð1Þ
reg is the main source of

this discrepancy. Indeed, if !ð1Þ
reg is computed at one-

loop order only, the power spectrum is enhanced, and
then N-body results at low k lie in between the two
predictions. The impact of the high-order PT correc-
tions to the two-point propagator are specifically
studied in a separate publication, [38].

(ii) Another discrepancy can be found in the high-z
results, which temporally overshoot the N-body
results at mid-k regime (k# 0:2–0:3h Mpc$1). It
is unlikely to be due to a poor convergence of
standard PT expansion. We rather think that the
performances of the N-body simulations might be
responsible for this (small) discrepancy. We have
tested several runs with different resolutions, and
found that the low-resolution simulation with a
small number of particles tends to underestimate
the power at high z. Possible reason for this comes
from the precision of force calculation around the
intervening scales, where the tree and particle-mesh
algorithms are switched, and we suspect that the
discrepancy is mainly attributed to the inaccuracy of

the tree algorithm. Though the intervening scale is
usually set at a sufficiently small scale, with a low-
resolution simulation, it may affect the large-scale
dynamics with noticeable effects at higher redshifts.
Systematic studies on the convergence and resolu-
tion of N-body simulations will be reported else-
where [42].

Apart from the tiny systematics at subpercent level,
REGPT approach can give a reliable power spectrum pre-
diction at rather wider range, which entirely covers the
relevant scales of BAOs at z * 0:35. As we will see later in
Sec. VI B, the applicable range of the REGPT calculation
remains wide enough even in other cosmological models,
and can be empirically described with the criterion (42).

C. Correlation function

We next consider the two-point correlation function,
which can be computed from the power spectrum as

!ðrÞ ¼
Z dkk2

2"2 PðkÞ sinðkrÞ
kr

: (29)

In Fig. 10, left panel focuses on the behaviors around the
baryon acoustic peak, while right panel shows the global
shape of the two-point correlation function plotted in loga-
rithmic scales, for which !ðrÞ has been multiplied by the

FIG. 9 (color online). Comparison of power spectrum results between N-body simulations and REGPT calculations. In each panel, the
results at z ¼ 3, 2, 1, and 0.35 are shown (from top to bottom). Left panel shows the ratio of power spectrum to the smooth linear
spectrum, PðkÞ=Pno$wiggleðkÞ, where the reference spectrum Pno$wiggleðkÞ is calculated from the no-wiggle formula of the linear

transfer function in Ref. [47]. Solid lines are the REGPT results, while dotted lines represent the linear theory predictions. Right panel
plots the difference between N-body and REGPT results normalized by the no-wiggle spectrum, i.e., ½PN$bodyðkÞ $
PRegPTðkÞ'=Pno$wiggleðkÞ. In each panel, the vertical arrows respectively indicate the maximum wavenumber below which a percent-

level agreement with N-body simulation is achieved with Lagrangian resummation theory [25,48] and closure theory [22,29],
including the PT corrections up to two-loop order.

TARUYA et al. PHYSICAL REVIEW D 86, 103528 (2012)

103528-10

cube of the separation. The REGPT results agree with
N-body simulations almost perfectly over the plotted
scales. As it is known, the impact of nonlinear clustering
on the baryon acoustic peak is significant: the peak position
becomes slightly shifted to a smaller scale, and the
structure of the peak tends to be smeared as the redshift
decreases (e.g., Refs. [24,25,49,50]). The REGPT calcula-
tion can describe not only the behavior around the baryon
acoustic peak but also the small-scale behavior of the
correlation function. Note that similar results are also
obtained from other improved PT treatments such as
closure and LRT. Although the REGPT predictions eventu-
ally deviate from simulations at small scales—the result
at z ¼ 0:35 indeed manifests the discrepancy below
r" 30h#1 Mpc—the actual range of agreement between
REGPT and N-body results is even wider than what is
naively expected from the power spectrum results. In
fact, it has been recently advocated by several authors
that with several improved PT treatments, the one-loop
calculation is sufficient to accurately describe the two-
point correlation function (e.g., Refs. [22,48,51]). We
have checked that the REGPT treatment at one-loop order
can give a satisfactory result close to the two-loop result,
and the prediction including the two-loop corrections only
slightly improves the agreement with N-body simulations
at small scales. This is good news for practical purposes in
the sense that we do not necessarily have to evaluate the
multidimensional integrals for the accurate prediction of
two-point correlation function in the weakly nonlinear
regime. Nevertheless, in this work, we keep the two-loop
contributions in the computed contributions. The computa-
tional costs of the two-loop order will be addressed in the
following with the development of a method for acceler-
ated PT calculation at two-loop order.

V. REGPT-FAST: ACCELERATED POWER
SPECTRUM CALCULATION

In this section, we present a method that allows accel-
erated calculations of the required diagrams of the two-
loop order REGPT prescription. In principle, the power
spectra calculations in the context of REGPT require multi-
dimensional integrations that cannot be done beforehand as
they fully depend on the linear power spectra. It is however
possible to obtain the required quantities much more
rapidly provided we know the answer for a close enough
model.
The key point in this approach is to utilize the fact that

the nonlinear REGPT power spectrum is a well-defined
functional form of the linear power spectrum. Each of
the diagrams that has to be computed is of quadratic, cubic,
etc. order with respect to the linear power spectrum with a
kernel that, although complicated, can be explicitly given.
It is then easy to Taylor-expand each of these terms with
respect to the linear power spectrum. In principle one then
just needs to prepare, in advance, a set of the REGPT results
for some fiducial cosmological models, and then take the
difference between fiducial and target initial power spectra
for which we want to calculate the nonlinear power spec-
trum. These differences involve only one-dimensional in-
tegrals at the first order in the Taylor expansion.
In the following, we present the detail of the implemen-

tation of this approach illustrating it with the one-loop
calculation case.

A. Power spectrum reconstruction from fiducial model

While our final goal is to present the fast PT calculation
at two-loop order, in order to get insights into the imple-
mentation of this calculation, we consider the power

FIG. 10 (color online). Comparison of two-point correlation function between N-body and REGPT results at z ¼ 3, 2, 1, and 0.35
(from bottom to top). In each panel, magenta solid, and black dotted lines represent the prediction from REGPT and linear theory
calculations, respectively. Left panel focuses on the behavior around baryon acoustic peak in linear scales, while right panel shows the
overall behavior in a wide range of separation in logarithmic scales. Note that in right panel, the resulting correlation function is
multiplied by the cube of the separation for illustrative purpose.

DIRECT AND FAST CALCULATION OF REGULARIZED . . . PHYSICAL REVIEW D 86, 103528 (2012)

103528-11

Correlation function

Power spectrum

http://www2.yukawa.kyoto-u.ac.jp/~atsushi.taruya/regpt_code.html

: fast PT calculation of P(k) & ξ(r)
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IV. THE LARGE-k BEHAVIOR OF MULTIPOINT

PROPAGATORS

A. The large-k limit of the two-point propagator

As discussed in the previous section, the two-point
propagator Gab generalizes gab beyond linear theory and
thus reflects a key property of the evolved fields. The
general properties of Gab have been explored in detail in
[13], but we briefly recall them here to motivate their
generalization to multipoint propagators.

Following Eqs. (9) and (10), and the definition in
Eq. (13), one can expand the function Gab with respect
to the amplitude of initial fluctuations,

Gabðk; sf; siÞ ¼ gabðsf $ siÞ þG1-loop
ab ðk; sf; siÞ þ . . .

(24)

where G1-loop
ab ðk; sf; siÞ is the first nonlinear correction

term, describing the transition into the nonlinear regime.
Graphically, this term corresponds to a ‘‘one-loop’’ dia-
gram (i.e. an integral over P0), which is shown in Fig. 3.

As nonlinear effects become important Gab is expected
to decay to zero since they erase the one-to-one correspon-
dence of modes valid in the linear regime. This introduces
a characteristic scale that describes the decay length of the
two-point propagator. It was shown in [13] that this decay
can be computed exactly in the high-k limit, where a subset
of diagrams is expected to provide the dominant contribu-
tion. Following a line of calculation that we will use again
shortly, it was shown that in the large-k limit,

Gabðk; sf; siÞ ¼ exp
!
$ k2

2
!2

vðesf $ esiÞ2
"
gabðsf $ siÞ;

(25)

where the characteristic decay length is determined by the
rms velocity fluctuations

!2
v ¼ 1

3

Z 1

0

d3k

k2
P0ðkÞ: (26)

In [13], it is shown how to match this result valid for
k!v & 1 to the low-k behavior described by Eq. (24), to
obtain a prescription for its full time and k dependence.
This prescription was found to be in good agreement with
numerical simulations at all scales and different redshifts
for density and velocity divergence propagators.

Here, we concentrate on the large-k behavior of the
density propagator from growing-mode initial conditions,

!ð1Þ ' !ð1Þ
1bub ¼ G11 þG12 (we will henceforth use bothG

and !ð1Þ to refer to the two-point propagator). We use the

algorithm presented in [13] to measure !ð1Þ based on the
cross-correlation property in Eq. (14). We defer a descrip-
tion of the simulations used here until Sec. VI below.

Figure 4 shows !ð1Þ normalized by the linear growth factor

!ð1Þ
tree ¼ g11 þ g12, with gab the linear propagator defined in

Eq. (7); the unusual notation for the growth factor is used
here to emphasize that it is given by the tree contributions
to the two-point propagator; this will have a natural gen-
eralization for multipoint propagators. The figure shows

log!ð1Þ vs logk2 to emphasize the Gaussian decay predicted
very well by Eq. (25) at all redshifts with a characteristic
scale given by Eq. (26).
In the following sections we extend the studies already

carried out with Gab to the case of the three-point propa-

gator !ð2Þ and, when possible, to the most general case of
!ðnÞ.

B. Dominant diagrams and principal trees

To study the high-k regime of the propagators, the first
step is to identify the set of diagrams that is expected to

ab
(1-loop)(k, s2, s1) =

s1s2

FIG. 3. The one-loop contribution to Gabðk; s2; s1Þ. The (
represents a primordial power spectrum P0ðqÞ with the corre-
sponding ‘‘loop’’ momentum q integrated over with weight
ð2"Þ$3

R
d3q. See [13] for an explicit calculation of this dia-

gram.

FIG. 4 (color online). The large-k limit of the two-point den-
sity propagator !ð1Þ. Symbols correspond to measurements in
numerical simulations at redshifts z ¼ 1, 0.5 and z ¼ 0 (top to
bottom); see text for details. The solid lines correspond to the
large-k limit expression given in Eq. (25). The linear relation
obtained by plotting logG vs k2 makes it evident that the
suppression of G is indeed Gaussian in the high-k limit.
Moreover, the slope is very well predicted by Eqs. (25) and
(26).
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with !ð2Þ
abc;tree defined in Eq. (19). This is a truly remarkable

result. It shows that the whole effect of loop summation is
encoded in the value of k3 in exactly the same way as for
the two-point propagator Gab.

We now compare this result to measurements in numeri-
cal simulations, which will be described in detail in
Sec. VI. As done for the two-point propagator (see
Fig. 4), we test for the Gaussian decay in the high-k limit
by plotting in Fig. 8 equilateral configurations

log!ð2Þ
1 ðk; k; kÞ vs k2, for which Eq. (37) predicts a straight

line with known slope. We do so for three different red-
shifts, z ¼ 0, 0.5, 1, finding very good agreement in all
cases with the predictions of Eq. (37), shown by solid lines.
This validates our resummation scheme.

Equation (37) and its generalization to other multipoint
propagators have important implications for the power
spectrum and higher-order statistics, that we discuss in
Sec. VII. We note also that a second, faster method to
perform the loop resummation is discussed in
Appendix B. We now consider the extension of these
results to arbitrary multipoint propagators.

D. The large-k limit for higher-order multipoint
propagators

The structure we found for the three-point propagator

!ð2Þ is appealing enough to consider its full generalization
to propagators of an arbitrary number of points. The crucial
property is the extension of the one-loop relation given in
Eq. (33). For higher than three-point propagators, the tree
order is given by the sum of several diagrams. When loop

(1
)

(2)

(1
)

(2)

(1)(1)

p12= 3

p11= 3

FIG. 7. This figure illustrates the effect of the time-ordering exchanges (thick double arrow lines). Through such exchanges, the
complete set of diagrams that correspond to a given fpijg can be explored. Successive time exchanges can, however, lead to identical
diagrams (e.g. left and right diagrams in each panel). The unordered time integration then leads to a multiplicity factor for each
diagram. For the top panel (corresponding to p12 ¼ 3), the same diagram is obtained each time two-loop lines are exchanged. There
are p12! of such possible exchanges. For the bottom panel (corresponding to p11 ¼ 3), the same diagram can be obtained either by the
exchange of loop lines, or by the exchange of the initial and final times of each of their loops (double arrow dashed line). There are thus
p11!2

p11 of such possible exchanges.

FIG. 8 (color online). The large-k limit of the three-point

density propagator !ð2Þ
1 $ !ð2Þ

1bcubuc, the only density contraction
that can be measured for growing-mode initial conditions, ub ¼
ð1; 1Þ. The symbols in the figure correspond to equilateral
configurations at redshifts z ¼ 1, 0.5, 0 (from top to bottom).
We have normalized these measurements to the low-k limit

!ð2Þ
1;tree given by Eq. (20). The figure clearly shows that the

measured propagator closely follows the large-k limit given by

Eq. (37) represented by solid lines, once !ð2Þ
1 decays by % e&1

from its tree-level value.
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Origin of Exp. damping
For Gaussian initial condition,

Cross correlation between initial & evolved density fields

initial power spectrum

A 2% Distance to z = 0.35 : Methods and Data 3

Figure 1. A pictoral explanation of how density-field reconstruction can improve the acoustic scale measurement. In each panel, we
show a thin slice of a simulated cosmological density field. (top left) In the early universe, the initial densities are very smooth. We mark
the acoustic feature with a ring of 150 Mpc radius from the central points. A Gaussian with the same rms width as the radial distribution
of the black points from the centroid of the blue points is shown in the inset. (top right) We evolve the particles to the present day, here
by the Zel’dovich approximation (Zel’dovich 1970). The red circle shows the initial radius of the ring, centered on the current centroid of
the blue points. The large-scale velocity field has caused the black points to spread out; this causes the acoustic feature to be broader.
The inset shows the current rms radius of the black points relative to the centroid of the blue points (solid line) compared to the initial
rms (dashed line). (bottom left) As before, but overplotted with the Lagrangian displacement field, smoothed by a 10h�1 Mpc Gaussian
filter. The concept of reconstruction is to estimate this displacement field from the final density field and then move the particles back
to their initial positions. (bottom right) We displace the present-day position of the particles by the opposite of the displacement field
in the previous panel. Because of the smoothing of the displacement field, the result is not uniform. However, the acoustic ring has
been moved substantially closer to the red circle. The inset shows that the new rms radius of the black points (solid), compared to the
initial width (long-dashed) and the uncorrected present-day width (short-dashed). The narrower peak will make it easier to measure the
acoustic scale. Note that the algorithm applied to the data is more complex than was just described, but this figure illustrates the basic
opportunity of reconstruction.

steps of this algorithm below and discuss details specific to
our implementation in subsequent subsections.

(i) Estimate the unreconstructed power spectrum P (k) or
correlation function ⇠(r).

(ii) Estimate the galaxy bias b and the linear growth rate,
f ⌘ d lnD/d ln a ⇠⌦0.55

M (Carroll et al. 1992; Linder 2005),
where D(a) is the linear growth function as a function of
scale factor a and ⌦M is the matter density relative to the
critical density.

(iii) Embed the survey into a larger volume, chosen such
that the boundaries of this larger volume are su�ciently
separated from the survey.

(iv) Gaussian smooth the density field.
(v) Generate a constrained Gaussian realization that

matches the observed density and interpolates over masked
and unobserved regions (§2.3).

(vi) Estimate the displacement field  within the
Zel’dovich approximation (§2.4).

(vii) Shift the galaxies by � . Since linear redshift-
space distortions arise from the same velocity field, we shift
the galaxies by an additional �f( · ŝ)ŝ (where ŝ is the
radial direction). In the limit of linear theory (i.e. large
scales), this term exactly removes redshift-space distortions
(Kaiser 1987; Hamilton 1998; Scoccimarro 2004). Denote
these points by D.

(viii) Construct a sample of points randomly distributed
according to the angular and radial selection function and
shift them by � . Note that we do not correct these for
redshift-space distortions. Denote these points by S.
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Figure 1. A pictoral explanation of how density-field reconstruction can improve the acoustic scale measurement. In each panel, we
show a thin slice of a simulated cosmological density field. (top left) In the early universe, the initial densities are very smooth. We mark
the acoustic feature with a ring of 150 Mpc radius from the central points. A Gaussian with the same rms width as the radial distribution
of the black points from the centroid of the blue points is shown in the inset. (top right) We evolve the particles to the present day, here
by the Zel’dovich approximation (Zel’dovich 1970). The red circle shows the initial radius of the ring, centered on the current centroid of
the blue points. The large-scale velocity field has caused the black points to spread out; this causes the acoustic feature to be broader.
The inset shows the current rms radius of the black points relative to the centroid of the blue points (solid line) compared to the initial
rms (dashed line). (bottom left) As before, but overplotted with the Lagrangian displacement field, smoothed by a 10h�1 Mpc Gaussian
filter. The concept of reconstruction is to estimate this displacement field from the final density field and then move the particles back
to their initial positions. (bottom right) We displace the present-day position of the particles by the opposite of the displacement field
in the previous panel. Because of the smoothing of the displacement field, the result is not uniform. However, the acoustic ring has
been moved substantially closer to the red circle. The inset shows that the new rms radius of the black points (solid), compared to the
initial width (long-dashed) and the uncorrected present-day width (short-dashed). The narrower peak will make it easier to measure the
acoustic scale. Note that the algorithm applied to the data is more complex than was just described, but this figure illustrates the basic
opportunity of reconstruction.

steps of this algorithm below and discuss details specific to
our implementation in subsequent subsections.

(i) Estimate the unreconstructed power spectrum P (k) or
correlation function ⇠(r).

(ii) Estimate the galaxy bias b and the linear growth rate,
f ⌘ d lnD/d ln a ⇠⌦0.55

M (Carroll et al. 1992; Linder 2005),
where D(a) is the linear growth function as a function of
scale factor a and ⌦M is the matter density relative to the
critical density.

(iii) Embed the survey into a larger volume, chosen such
that the boundaries of this larger volume are su�ciently
separated from the survey.

(iv) Gaussian smooth the density field.
(v) Generate a constrained Gaussian realization that

matches the observed density and interpolates over masked
and unobserved regions (§2.3).

(vi) Estimate the displacement field  within the
Zel’dovich approximation (§2.4).

(vii) Shift the galaxies by � . Since linear redshift-
space distortions arise from the same velocity field, we shift
the galaxies by an additional �f( · ŝ)ŝ (where ŝ is the
radial direction). In the limit of linear theory (i.e. large
scales), this term exactly removes redshift-space distortions
(Kaiser 1987; Hamilton 1998; Scoccimarro 2004). Denote
these points by D.

(viii) Construct a sample of points randomly distributed
according to the angular and radial selection function and
shift them by � . Note that we do not correct these for
redshift-space distortions. Denote these points by S.
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Initial structure becomes blurred by the local cosmic flow

origin of Gaussian damping in propagator
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Generic damping behaviors

�(1)(k) Data: Baojiu Li

Exp. damping can appear even in modified gravity models

AT, Nishimichi, Hiramatsu, et al. (in prep.)
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Generic damping behavior
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Exp. damping generically holds 	


not only in GR but also in modified gravity models

AT, Nishimichi, Hiramatsu, Bernardeau et al. (in prep.)
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PT prediction 
in f(R) gravity

AT, Nishimichi, Hiramatsu, Bernardeau et al. (in prep.)
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Characterizing halo/galaxy 
clustering with propagators

integrated PT

Matsubara (’11, ’12, ’13)

Concept of propagator is also useful for halo/galaxy clustering

Multi-point propagator of halos

Phalo(k) =
�

�(1)
halo(k)

�2
P0(k) + 2

�
d3 q

(2�)3
�

�(2)
halo( q, k � q)

�2
P0(q)P0(| k � q|)

+ · · ·

Evolved (non-linear) halo density field�
�n �halo(k; t)

� �0(k1) · · · � �0(kn)

�
= (2�)3(1�n) �D(k � k12···n) �(n)

halo(k1, · · · ,kn; t)



Propagator of halos

halo density field in Lagrangian space

�� �L
halo(k)

� �0(k�)

�
= �D(k � k�) cL

1 (k)

�(1)
halo = {1 + cL

1 (k)} e�k2�2
d/2�(1)

halo = {1 + cL
1 (k)} e�k2�2

d/2

is related to Lagrangian halo biascL
1

but more generally, it can be defined as Lagrangian propagator: 

directly measurable quantity in N-body simulations

bL
1

It carries information on 	


scale-dependent & non-local properties of halo bias

11

FIG. 14: Same as Fig. 13, but at z = 1.

a more massive halo.
Given the simple fitting function (24), we now consider

all the halos found in the simulation output at z = 0.35
as a simplest case of the observed galaxy clustering as-
suming the one-to-one correspondence between galaxies
and halos. We discuss the relative impact of the two
terms in cL

1 (k). Namely, we show the importance of the
nonlocality of bias associated with the filter function and
its derivative.

We model the function cL
1 (k) for this sample as a

weighted sum of that for halos with fixed mass:

cL
1 (k) =

∫
dMhalon(Mhalo)cL

1 (k; Mhalo)∫
dMhalon(Mhalo)

. (34)

In doing so, we adopt the best-fit values of X(Mhalo)
and Y (Mhalo), and smoothly interpolate these functions
with a cubic spline. While we use the measured mass
function n(Mhalo), we adopt the filter function (22) with
a = 3.5, which is close to the measured filter function
almost independently of the halo mass. Note that we
can straightforwardly generalize Eq. (34) to more realistic
galaxies by considering the halo occupation distribution.
We can simply substitute n(Mhalo) by N(Mhalo)n(Mhalo)
with N(Mhalo) being the mean number of galaxies in a
halo with mass Mhalo.

The resulting analytical curve (solid) is compared with
the measurement from the simulation (circles) in the up-
per panel of Fig. 15. The model explains the simulation
measurements quite accurately. We also plot the contri-
butions from X(Mhalo)W (kR) and Y (Mhalo)kRW ′(kR)
in dashed and dotted line, respectively. While the first
term monotonically decreases toward higher k, the sec-
ond term gradually increases and this gives the dominant
contribution on small scales (k >∼ 0.25h Mpc−1).

We then show the propagator in Eulerian space in the
lower panel of Fig. 15. For the analytical curves, we

FIG. 15: Decomposition of the propagators into two terms in
Eq. (24). The circles show the simulation measurements in
both panels. Upper: the result in Lagrangian space. The solid
line plots Eq. (34), while the dashed and dotted lines depict
the contribution from the terms in Eq. (24) proportional to
W and kRW ′, respectively. Lower: the result in Eulerian
space. We adopt Eq. (8) to convert the analytical prediction
in Lagrangian space to Eulerian space. The contribution from
the term proportional to kRW ′ is again plotted by dotted line
while the rest is shown in dashed line. The sum of the two is
shown by solid line.

adopt the relation (8), which is valid at the leading or-
der, and convert cL

1 to its Eulerian-space counterpart. We
find that σd = 5.33h−1Mpc (solid) gives a reasonable fit
to the simulation data (circles). This value is slightly
larger than that in linear theory (5.10h−1Mpc), imply-
ing that there exists a small nonlinear correction to the
rms displacement of halos. Because of the exponential
suppression, the relative contribution of the term pro-
portional to W ′, which is larger on smaller scales, is not
as significant as in the Lagrangian space (see the dotted
line). Nevertheless, the contribution of this term is still
important. The damping of the propagator is too strong
without Y (Mhalo)kRW ′(kR) (the dashed line).

B. Impact on BAO feature

So far we have discussed the propagator of the halo
density field both in Lagrangian and Eulerian space. An
important observable is the feature of BAOs in the two-
point correlation function, which provides us of a robust
standard ruler to constrain the expansion history of the
universe.

We first show in Fig. 16 the two-point correlation func-
tion for the matter and halo density field in Lagrangian
and Eulerian space at z = 0.35. In doing so, we divide

�(1
)

h
a
lo

(k
)



Lagrangian halo propagator

cL
1 (k) = A(M) W (kR) + B(M)

dW (kR)
d ln(kR)

Halo model

: Gaussian filterW (kR)

Lagrangian propagator measured 
in N-body simulations

Nishimichi, Matsubara & AT (in prep.)
10 equal mass bins with mass range

2� 1013 � M/[h�1 M�] � 2� 1014

heavy

light Halo model

z=0.35

halo model qualitatively explains 
scale-dependent behavior

preliminary

(Matsubara ‘12)
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FIG. 18: Same as Fig. 17, but in Eulerian space.

mode-coupling term shown by triangles.
The larger BAO amplitude in the halo correlation func-

tion than in the matter correlation function has been ar-
gued in the context of peak bias model [29]. They also
find the amplification of the peak in the halo correlation
function measured from N -body simulations, and demon-
strate that their peak model prediction can explain this
effect. However, as shown in Figs. 9 and 12, it seems diffi-
cult to explain the behavior of the function cL

1 (k) of halos
measured from the simulation with this model. Thus, we
conclude that the nonlocality in bias appearing in the
form of kRW ′(kR), instead of the k2 term in the peak
model, is more responsible for this effect.

We finally briefly discuss the possible observational
consequences of the amplified BAO feature in the halo
correlation function. The slight amplification of the
BAO feature in the correlation function in Eulerian
space might help its detection and tighten the constraint
on cosmic distances. Since the function cL

1 (k) is very
smooth, the amplification occurs such a way that one
adds up different BAO wiggles in the power spectrum
with different weights. Thus, this effect is not likely to
change the location of the BAO bump in the correlation
function. However, the cosmological use of the amplitude
of the BAO peak, not the location, should be done with
care. It is sensitive to the baryon and matter density
primarily, and also to the growth rate of the structure
formation through its smearing [34, 35]. Since the nonlo-
cal bias can also alter the amplitude, one can do this kind
of cosmological test only with a galaxy population whose
nature is very well understood (see also next section on
this point).

The amplified BAO feature in Lagrangian space,
though it is not a direct observable, can affect the result
of the BAO reconstruction [36]. The reconstruction is
designed to move the positions of galaxies back to their

initial positions to undo the nonlinear smearing effect
on the BAO peak and many recent analyses of observed
galaxy clustering data rely on this technique (see e.g., [37]
for a recent application). Since one in principle measures
the clustering of biased objects in Lagrangian space after
reconstruction, the measured BAO feature might be af-
fected by this effect. Since the amplification of the BAO
peak due to the nonlocal bias is more significant in La-
grangian space, the reconstructed BAO might show an
unexpectedly large amplitude depending on the biasing
property of the galaxies one analyses.

C. Dependence of the nonlocality on the
Lagrangian shape of halos

In order to understand the physical origin of the strong
nonlocality in the bias function cL

1 (k), we here consider
the non-sphericity of the dynamics of the halo formation.
Although we use the measured halo profile in Lagrangian
space (e.g., figure 3) in the analytical calculations, we im-
plicitly assume the spherical collapse dynamics and con-
sider only the radial component of this profile obtained
by stacking different halos. Since the spherical averaging
operation (i.e., stacking) and the collapse dynamics do
not commute, the averaged clustering properties of ha-
los might be affected by the non-spherical dynamics of
individual halos even if the stacked profile is spherical.

We here classify the halos identified at z = 0.35 into
groups with different shape in Lagrangian space, and ex-
amine the function cL

1 for each group to infer the effect of
non-sphericity on the nonlocality of the bias. This analy-
sis can be regarded as an exploration of the halo assembly
bias (e.g., [38]). Although we do not keep the assem-
bly histories of halos, their shape in Lagrangian space is
expected to give us some related information. Indeed,
various different physical quantities of halos other than
the mass can be important proxies of the clustering am-
plitude of halos (e.g., [39]). Our analysis here is a first
investigation of the assembly bias effect on the nonlocal-
ity of bias, in addition to its large-scale amplitude.

We consider four groups of halos with different shape
as shown in Fig. 19. We measure the inertia tensor of
the member particles in Lagrangian space, diagonalize it,
and record the axis ratio, c/a, where a (c) is the length
of the longest (shortest) semi-principal axis. We consider
a mass dependent threshold by ranking the halos accord-
ing to c/a within halos having the same mass, classifying
them into four groups with the same numbers, and fitting
the threshold values of c/a with the second-order poly-
nomial as a function of Mhalo to finally obtain the three
solid lines in the figure. We conventionally call the groups
as bin 1, 2 3 and 4 from the group with the smallest c/a
(i.e., aspherical) to the largest c/a (i.e., spherical).

The function c1(k) for the four groups are shown
in Fig. 20 (upper: Lagrangian space and lower: Eu-
lerian space). Among the four groups, the fourth bin
shows the biggest signature of nonlocality associated

Impact on baryon acoustic peak

�(1)
halo = {1 + cL

1 (k)} e�k2�2
d/2

�halo(r) � [ ( �(1)
halo)

2 � �lin ](r) + �MC(r)

•  simple constant bias fails

induce scale-dependent bias :

•  enhance BAO peak/trough

Nishimichi, Matsubara & AT (in prep.)

constant bias

scale-dept. corr.

preliminary
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Summary
Cosmic propagators provide a useful way to characterize 

clustering property of LSS (dark matter/galaxy/halo)

Dark matter :

Halo/galaxy : scale-dependent bias around BAO peak

PT prediction works well not only in GR	


but also in modified gravity

Modeling LSS with PT is still developing,  and a further 
quantitative study on halo/galaxy propagators is worth doing

{ ( f(R) gravity )


