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• Inflaton oscillation

Early matter dominated epoch

• Thermal inflation

• Curvaton domination

- During this period, the perturbation grows linearly inside horizon.

Non-standard cosmology with early matter-dominated era 
before radiation-dominated :

- The signatures of the large density perturbation on small scales
- It is not suppressed by the kinetic equilibrium
- It can be erased by free streaming
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• The suppression of the power spectrum of DM on small scales

- Free streaming scale

- kinetic decoupling scale

: Restrict the formation of the objects smaller than these scales 

• It is not always true if the density perturbation of DM is already 
large at the beginning of the Radiation domination.

- Free streaming scale suppression remains

: No suppression by the kinetic equilibrium
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• The early Universe was almost homogeneous and isotropic, 
and there was no stars, galaxies, cluster of galaxies.

• There exists small perturbations in the density, which grows 
inside the horizon and finally becomes the seed for the 
formation of the structures of the large scale such as the 
galaxy, clusters of galaxy.

• The photons has the same density perturbations 
which results in the temperature anisotropy in the 
cosmic microwave background radiation.
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• The primordial power spectrum of the curvature 
perturbation is adiabatic, Gaussian, and almost scale invariant.

• In Fourier space, with power law spectrum, 

Planck Collaboration: Cosmological parameters

2.1.2. Ionization history

To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
curacy. Although the main processes that lead to recombina-
tion at z ⇡ 1090 are well understood, cosmological param-
eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
perturbations.

Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
processes involved in recombination, there has been signif-
icant progress in numerically modelling the many relevant
atomic transitions and processes that can a↵ect the details of
the recombination process (Hu et al. 1995; Seager et al. 2000;
Wong et al. 2008; Hirata & Switzer 2008; Switzer & Hirata
2008; Rubino-Martin et al. 2009; Chluba & Thomas 2011;
Ali-Haimoud & Hirata 2011). In recent years a consen-
sus has emerged between the results of two multi-level
atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active

5http://www.sns.ias.edu/˜yacine/hyrec/hyrec.html
6http://www.chluba.de/CosmoRec/
7http://www.astro.ubc.ca/people/scott/recfast.html
8The updated recfast used here in the baseline model is publicly

available as version 1.5.2 and is the default in camb as of October 2012.

galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.

2.1.3. Initial conditions

In our baseline model we assume purely adiabatic scalar per-
turbations at very early times, with a (dimensionless) curvature
power spectrum parameterized by

PR(k) = As

 
k
k0

!ns�1+(1/2)(dns/d ln k) ln(k/k0)

, (2)

with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
degenerate with the amplitude parameter As.

The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
lensing.)

We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9

Pt(k) = At

 
k
k0

!nt

. (3)

We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
metric is ds2 = a2[d⌘2 � (�i j + 2Hi j)dxidx j], and Pt is defined so that
Pt(k) = @ln kh2Hi j2Hi ji.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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• The above measurement is only for the range of the scale of
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• No measurement on the other range of the scales.
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• The scattering cross section

Inelastic scatterings : Number changing interactions  

Elastic scatterings : Number changing interactions

Chemical equilibrium

Kinetic equilibrium

Relic density

Structure formation

✴ After decoupling from chemical equilibrium, the co-moving 
number density is conserved. However the exchange of the energy 
and momentum is still active and they are in the kinetic equilibrium.
Somewhat later they are decoupled from kinetic decoupling.

Tuesday, June 9, 15



Small scale suppression of power spectrum

• Chemical decoupling 

[Loeb,	 Zaldarriaga,	 2005]
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- The density perturbation can grow after kinetic decoupling
- This determines the minimum scale for the structure formation

- The comoving number density is frozen. 

- However the kinetic equilibrium may continue to the lower 
temperature around 5 - 1000 MeV.

 - DM can have interaction with radiation and decoupled.
 - For WIMP, chemical decoupling happens around

• Kinetic decoupling 
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Figure 1. The left panel shows the phaseplot and solution for the WIMP
temperature evolution, for m� ⇠ 100 GeV and |M|2 ⇠ g4

Y (m�/!)2, expressed
in the dimensionless variables introduced in equations (8) and (9). At T . Tkd,
any departure from thermal equilibrium (T� = T ) is restored almost immediately
(except for a short period around the QCD phase transition); for T & Tkd,
the WIMPs decouple from the thermal bath and cool down with the Hubble
expansion as T� / a�2. In the right panel, the effective number of relativistic
degrees of freedom is plotted as a function of the temperature, implementing the
results of [24] for the evolution of this quantity during the QCD phase transition;
for reference, the decoupling of muons and electrons is also indicated.

In principle, the scattering with all types of SM particles contributes to c(T ), see equation
(A.8). This picture is a bit complicated by the fact that kinetic decoupling in some cases can
take place close to, or even above the QCD phase transition, the details of which are not yet
fully understood. Lattice calculations, however, start to converge at a value for the critical
temperature of Tc ⇡ 170 MeV for the most interesting case of two light (up and down) and
one more massive (strange) quark flavour [22] and indicate that the plasma can be described by
free quarks and gluons only for T & 4Tc [23]. For the effective number of degrees of freedom
during the transition, we adopt the results of [24] as displayed in the right panel of figure 1.
As scattering partners are concerned, we conservatively restrict ourselves to leptons and, for
T > 4Tc, to the three lightest quarks.

The resulting range in Tkd for neutralino DM, obtained after having performed the extensive
scan described in section 2, is shown in figure 2 as a function of the mass m� and gaugino
fraction Zg ⌘ |N11|2 + |N12|2 (in our case dominated by the bino fraction). The grey band
indicates the QCD phase transition; values for Tkd inside or above this band should be interpreted
as upper bounds on the decoupling temperature since the scattering with some of the hadronic
degrees of freedom was not taken into account. On the other hand, as the coupling of WIMPs
to hadrons is usually smaller than to leptons, the difference between this upper bound and the
actual value of Tkd is not expected to be very big; note also that the scattering with bound QCD
states like, e.g. pions is suppressed due to their rather large masses and thus small abundance
(the evolution of density fluctuations, on the other hand, may very well be influenced by the
details of the QCD phase transition, see the next section). In addition to the result of the scan,
the figure also indicates the decoupling temperature for four mSUGRA benchmark models
that were introduced in [16, 25] and present typical examples for neutralinos in the bulk (I 0),

New Journal of Physics 11 (2009) 105027 (http://www.njp.org/)

: gaugino fraction [Bringmann,	 2009]7
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Figure 2. The range of decoupling temperatures for neutralino DM. For models
that fall inside or above the grey band marking the QCD phase transition, the
actual value of Tkd will be slightly smaller than indicated. See text for further
details.

coannihilation (J ⇤), funnel (K 0) and focus point (F⇤) region; the quite different annihilation
spectra in gamma rays for these models, and the resulting prospects for indirect detection, were
recently studied in some detail in [16, 26].

Assuming a constant equation of state and relativistic scattering partners, equation (5) has
actually an analytic solution [21] that can be used for a quick estimate of Tkd. This estimate
proves to be rather good (within 10% of the full result shown here) for masses below a few
hundred GeV; above that, however, the exact mass dependence of the number density of ⌧
leptons, in particular, can be crucial, leading in some cases to differences of more than a factor
of five between the two results. A further observation is that MSSM and mSUGRA models
occupy roughly the same regions in the Tkd–m� plane; the largest values of Tkd for higgsinos
(at high masses) and binos (at intermediate masses), however, corresponds nearly exclusively to
MSSM models, while almost all binos with a decoupling temperature below the band occupied
by mixed neutralino are mSUGRA models.

For illustrative reasons, finally, the right panel of figure 2 compares the kinetic with the
chemical decoupling temperature: as anticipated, kinetic decoupling takes place much later than
chemical decoupling, at temperatures a factor of 10–1000 lower. The possible range in Tkd is,
furthermore, considerably larger than the one in Tcd—which of course simply reflects the fact
that the DM relic density is constrained extremely well while there are so far no observations that
would put stringent bounds on Tkd (see also section 5.1). Note also that Tkd is fairly uncorrelated
with the chemical decoupling temperature, as well as with the neutralino annihilation cross
section.

To conclude this section, let us recall that the formalism presented here keeps the leading
order terms in p

2/m2
� , thus allowing the determination of the decoupling scale to an accuracy

of O(x�1
kd ); while this is usually more than sufficient, it would be straightforward to include also

New Journal of Physics 11 (2009) 105027 (http://www.njp.org/)

Kinetic decoupling takes place much later than chemical decoupling by a factor of 
10 - 1000.

Kinetic decoupling temperature of neutralinos
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Figure 3. The left panel shows the exponential cutoff scales associated to
the main damping mechanisms of the matter power spectrum after kinetic
decoupling, namely free streaming and the effect of acoustic oscillations,
respectively; for models above (below) the dashed line, the former (latter)
mechanism thus provides a stronger suppression of the power spectrum. In
the right panel, the cutoff mass resulting from the dominating of these two
independent effects is plotted against the neutralino mass, indicating the typical
size of the smallest protohalos to be formed.

Following the paradigm of hierarchical structure formation, the smallest scales, and
thus the scales closest to the cutoff, typically enter the nonlinear regime first. The smallest
gravitationally bound objects to be formed in the universe are in that case also the first;
protohalos with a mass of around Mcut. This behaviour has been confirmed numerically, where
these protohalos could be followed until a redshift of z ⇠ 26 [27]. The range of expected
minimal protohalo masses displayed in figure 3 is only slightly smaller than what was found
earlier [28] using an order-of-magnitude estimate for Tkd (based on [13]) instead of the exact
value as defined by the solution of equation (10). For a given model, however, it turns out
that the difference in the inferred cutoff mass still is typically about a factor of 10, rather
independent of m� ; adding to this the effect of identifying Mao (like in [14, 28]) instead of
Mcut = max[M fs, Mao] with the smallest protohalo mass, this difference can in some cases
increase to a factor of almost 1000.

5. Discussion

5.1. Observational prospects

Observational prospects depend crucially on whether the first protohalos survive until today
or whether they are disrupted due to tidal interactions in merger processes or encounters with
stars—an issue that is still under debate. Several studies show that even if the protohalos lose
some of their material on their way, most of the mass resides in a dense and compact core that

New Journal of Physics 11 (2009) 105027 (http://www.njp.org/)

Typical size of the smallest proto-halos :  

[Bringmann,	 2009]

12

Finally, if DM consists of superWIMPs that result from the late decay of thermally
produced WIMPs, the actual cutoff in the power-spectrum is not the one from the WIMP
decoupling but the one that is imposed from the kinematics of the decay (through the mass
difference between decaying particle and DM particle). In fact, such models have been proposed
to address a certain tension that is sometimes claimed at ‘small’ scales (in this case Mpc
instead of the pc scales that correspond to Mcut ⇠ 10�5 M�) between observations and numerical
N -body simulations [50]. However, this idea works only partially [51]; what is more, the
evidence for small-scale ‘problems’ of standard 3CDM cosmology may soon well disappear
completely, with more detailed observations and N -body simulations starting to converge [52].
Nevertheless, late-decaying DM is an interesting possibility that does not have to be related
to this particular idea; in contrast to the typical Mcut for WIMPs, a large cutoff in the power
spectrum might even be possible to probe by future micro-lensing missions.

6. Conclusions

The kinetic decoupling process of WIMPs from the thermal bath can be followed in great
detail by solving the full Boltzmann equation in this regime. Extending the formalism presented
in [21], by allowing for non-relativistic scattering partners and taking into account the full time-
dependence of the effective number of degrees of freedom, a highly precise determination of
the decoupling temperature becomes possible that in turn can be translated into a small-scale
cutoff in the spectrum of matter density fluctuations.

An extensive scan over the parameter space for SUSY neutralino DM reveals a slightly
smaller range of cutoff masses, 10�11 M� to a few times 10�4 M�, but basically confirms the
only existing corresponding scan so far [28], which is based on an order-of-magnitude estimate
for the decoupling temperature (given in [13]). The resulting difference in Mcut for individual
WIMP models, however, can be sizable; typically of the order of 10, models with a difference
of almost 103 were found. Another important result of the scan presented here is that whether
free streaming or acoustic oscillations are more effective in the suppression of power on small
scales depends on the DM particle nature (in slight disagreement with the claim of [15] who
presented a very detailed study of the evolution of density contrasts through and after kinetic
decoupling, albeit based only on one particular DM candidate).

The range of decoupling temperatures and cutoff masses presented here is indicative for
the whole class of WIMP DM candidates, though many models—such as Kaluza–Klein DM—
will exhibit a much smaller range. For non-WIMP candidates, the mass of the smallest clumps
can differ significantly from the range derived here; it would be interesting to develop tools that
allow an as precise determination of the cutoff scale for these cases as for the case of WIMPs.
As for detectional prospects of the smallest DM clumps, many interesting ideas have been put
forward. Though challenging, it is an exciting possibility that one may be able to measure
the DM distribution on such scales in the future. In order to really address the connection to
the microphysics of the DM particles, however, one still needs a better understanding of how
the first protohalos evolve and, given their initial distribution, what they are expected to look
like today.

The routines for calculating the kinetic decoupling temperature and the associated cutoff
scale have been implemented in DarkSUSY [17] and will be available with the next release
(see footnote 1).
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

10�4 (1)

<
dR

dQ

����
obs.limit

(2)

dR

dQ
/ �

0

m�

dR

dQ
/ �

0

m3

�

exp�a
0

/m2

� (3)

T
0

' 2.725K s / R�3 / T 3 � m⌫ ⇠ log(
MPm

Mweak
) (4)

/ m� / m3

� exp(a
0

/m2

�) (5)

Z

vmin

f(v)

v
dv =

1

v
0

exp(�v2
min

/v2
0

) v
0

' 220 km/ sec (6)

1

Dark Matter

Baryon

Standard cosmology: the cosmologically relevant scale enters horizon during 
RD and grows logarythmically, and mainly grows during matter-dominated.
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Small scale suppression of power spectrum

• Free streaming

The free streaming (collision-less damping, Landau damping) of dark 
matter from dense regions to under-dense regions smoothes out 
inhomogeneities for the smaller than the free streaming length scale.  

separates the gravitationally stage and unstable modes. The smaller scale is stable and

larger scale is unstable.

This is same for the expanding Universe, and the jeans wave number is given by

k

J
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✓
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2
s

◆1/2

,

(10)

where R is the scale factor. k
J

/R gives the physical wave number.

The free streaming (collisionless dampling, Landau damping) of dark matter from dense

regions to underdense regions smoothes out inhomogeneities. The free streaming length is
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V. DIRECT DETECTION

The dark matter scatters with Nuclei. The interaction rate is given by R = KF�, with

K is the number of target Nuclei, F is flux of DM and � is the scattering cross section. For

one-kilogram detection with mass number A, A = Z +N , (Z is the number of protons and

N is the number of neutrons), K = 6.0⇥ 1026/A. The counting rate per kilogram detector

per day is
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The scattering of dark matter with the Nucelon is mediated by another field.

A. Dark matter - nucleon interaction

(Axial-) vectore medaition

The general interaction of fermonic dark matter is [4]
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Details are in Zaldarriaga). The density contrast of the modes that enters during SD,
�m(aeq) is mostly determined as �m(a⇤) ' �1.9⇥ 103�0(k/Hi)2 given in (38). The asymptotic
value of density contrast of DM during MD is

�m(a) ' �1.9⇥ 103�0

✓
k
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◆2✓
a

aeq

◆
(51)

(Here I use �0 as the same notation used in the pervious section) Note that if there
is no SD period at early universe, for the modes that enter before the kinetic decoupling, the
density contrast of dark matter during RD is mainly evolved by ✓r after kinetic decoupling as
(??). The coe�cients in (??) Ak ' 6�0, �k ' 0 for modes k/a⇤ � H⇤. Therefore,
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p
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where we used a2⇤H⇤ = a2IHI during RD. Because in deep inside the horizon aI ⌧ a⇤, �m(a) can
be much suppressed compared to that with SD period.

However there is a collision less and/or collisional damping after reheating which can erase
the enhancement of the perturbations. The samping scale depends on the properties of DM
candidates. For WIMP, the free-streaming length after kinetic decoupling is given by [15, 20]

kfs '
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. Note that the suppression by kinetic coupling is already included in our equations (check!).
The important things is that the existence of SD can enhance the perturbation at small scales
which is not suppressed by the kinetic coupling with radiation.

For E-WIMP, assuming that most of them are generated at the highest temperature during
SD, the free-streaming scale can be obtained as []
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. (54)

For axion-like DM, the smallest scale is given by the Jeans scale [22, 23]
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3.3.2 Mixed DM

Since this part is one of our main result, we need a figure which shows a enhancement of WIMP
due to E-WIMP for di↵erent ratios of DMs.

For WIMP DM, the scales which enter the horizon during RD is highly suppressed due to
the kinetic interactions with plasma. However when there is a E-WIMP component that is
decoupled from the relativistic plasma, the WIMP perturbation could grow fast during MD
due to the gravitational potential made by the E-WIMP density perturbation. 1

1
That is similar to the growth of baryon density following the DM potential during MD.

12

For WIMPs,

Details are in Zaldarriaga). The density contrast of the modes that enters during SD,
�m(aeq) is mostly determined as �m(a⇤) ' �1.9⇥ 103�0(k/Hi)2 given in (38). The asymptotic
value of density contrast of DM during MD is

�m(a) ' �1.9⇥ 103�0
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(Here I use �0 as the same notation used in the pervious section) Note that if there
is no SD period at early universe, for the modes that enter before the kinetic decoupling, the
density contrast of dark matter during RD is mainly evolved by ✓r after kinetic decoupling as
(??). The coe�cients in (??) Ak ' 6�0, �k ' 0 for modes k/a⇤ � H⇤. Therefore,
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where we used a2⇤H⇤ = a2IHI during RD. Because in deep inside the horizon aI ⌧ a⇤, �m(a) can
be much suppressed compared to that with SD period.

However there is a collision less and/or collisional damping after reheating which can erase
the enhancement of the perturbations. The samping scale depends on the properties of DM
candidates. For WIMP, the free-streaming length after kinetic decoupling is given by [15, 20]
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. where

c2s(Tkd) ' Tkd

m
(54)

Note that the suppression by kinetic coupling is already included in our equations (check!).
The important things is that the existence of SD can enhance the perturbation at small scales
which is not suppressed by the kinetic coupling with radiation.

For E-WIMP, assuming that most of them are generated at the highest temperature during
SD, the free-streaming scale can be obtained as []
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For axion-like DM, the smallest scale is given by the Jeans scale [22, 23]
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3.3.2 Mixed DM

Since this part is one of our main result, we need a figure which shows a enhancement of WIMP
due to E-WIMP for di↵erent ratios of DMs.

12

with effective sound speed squared of DM
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Non-thermal Universe dominated 
by a non-relativistic field 
(scalar domination)
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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The perturbation equations we need to solve can be microscopically derived from the Boltzmann
equation, and for each component ↵ are given by
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where ✓↵ ⌘ r · v↵ = @iv
i
↵ is the velocity divergence field. The energy-momentum transfer
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where we put fm = 0. In this perturbation equations, we included the elastic scattering
cross section between radiation and DM, �e, which makes DMs are coupled kinetically to the
radiation before they reaches the kinetic decoupling. The 00 component of the perturbed
Einstein equation governs the evolution of the metric perturbations,

�

a2
 � 3H

⇣
 ̇+H�

⌘
=

1

2m2
Pl

(⇢��� + ⇢r�r + ⇢m�m) . (24)

Note that in the absence of the anisotropic tensor as in our setup, � =  which then closes the
set of equations we need to solve.

3.1 Perturbations with WIMP DM

We first consider WIMP DM. For M = O(100) GeV, the chemical freeze-out temperature Tfr

is around several GeV, but DM is still in kinetic equilibrium. For usual WIMP, the kinetic
decoupling arises at Tkd = O(1� 10) MeV. Thus, as a benchmark scenario, we consider Treh =
O(10� 100) MeV so that

Tfr > Treh > Tkd . (25)

5
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Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < Tfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling
(k�1

reh < k�1 < k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)

6

During scalar domination, the radiation is produced from the decay of 
the scalar and DM is produced from thermal plasma by scatterings.

The perturbations are adiabatic on superhorizon scales, since the 
radiation and DM are produced from the same source of dominating 
scalar.

On super-horizon scales, when DM is non-relativistic in the thermal 
equilibrium, the initial conditions are
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2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Figure 1: (Left) the evolution of the energy densities of the scalar (green), radiation (blue) and
dark matter (red) respectively with respect to the initial total energy density. We put the scale
factor a = 1 at initial time. Dashed line is the equilibrium energy density of the dark matter of
WIMP. The dark matter mass is taken as mDM = 120GeV, and the annihilation cross-section is
taken as h�vi = 10�5/m2

DM. The initial Hubble parameter and the scalar decay rate are related
as HI ⌘ H(a = 1) = 5 ⇥ 104 ��. The radiation is produced from the scalar and the DMs
are produced from the radiation via scatterings. The DMs are decoupled from the radiation at
around a = 70 during the scalar-domination. The radiation energy density becomes larger than
that of scalar from around a = 2500. (Right) the same as the left panel but with mixed dark
matter of WIMP and E-WIMP. Here we take the annihilation cross-section of WIMP (DM1)
as �v ' h�vi = 10�4/m2

DM. They are decoupled from the radiation at around a = 30 during
the scalar-domination. E-WIMPs are already produced and decoupled (orange).

After � decays away completely at around a = 2500, RD begins and ⇢r / a�4. In the left
window of Figure 1, we consider WIMP DM only. WIMPs are in thermal equilibrium at early
times and thus follows the equilibrium energy density (5) (red line). The dark matter mass
is taken as mDM = 120GeV, and the annihilation cross-section is taken as h�vi = 10�5/m2

DM.
After freeze-out at around a = 70, we recover the standard scaling ⇢m / a�3. In the right
window of Figure 1, we consider E-WIMP DM too. Here we take �v ' h�vi = 10�4/m2

DM

for WIMP and assume that E-WIMPs have been produced from the scatterings of thermal
particles already and decoupled from the beginning, so their energy density just decreases as
a�3 (orange line).

3 Evolution of perturbations

Having studied the background evolution in the previous section, we now study the evolution
of perturbation of each component. We work in the Newtonian gauge with metric

ds2 = �(1 + 2�)dt2 + a2(1� 2 )�ijdx
idxj . (12)

4

Newtonian gauge
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The perturbation equations we need to solve can be microscopically derived from the Boltzmann
equation, and for each component ↵ are given by
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where ✓↵ ⌘ r · v↵ = @iv
i
↵ is the velocity divergence field. The energy-momentum transfer

functions Q↵, �Q↵ and @iQ
i
(↵) are derived in Appendix A and are given by
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where we put fm = 0. In this perturbation equations, we included the elastic scattering
cross section between radiation and DM, �e, which makes DMs are coupled kinetically to the
radiation before they reaches the kinetic decoupling. The 00 component of the perturbed
Einstein equation governs the evolution of the metric perturbations,

�

a2
 � 3H

⇣
 ̇+H�

⌘
=

1

2m2
Pl

(⇢��� + ⇢r�r + ⇢m�m) . (24)

Note that in the absence of the anisotropic tensor as in our setup, � =  which then closes the
set of equations we need to solve.

3.1 Perturbations with WIMP DM

We first consider WIMP DM. For M = O(100) GeV, the chemical freeze-out temperature Tfr

is around several GeV, but DM is still in kinetic equilibrium. For usual WIMP, the kinetic
decoupling arises at Tkd = O(1� 10) MeV. Thus, as a benchmark scenario, we consider Treh =
O(10� 100) MeV so that

Tfr > Treh > Tkd . (25)
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The perturbation equations we need to solve can be microscopically derived from the Boltzmann
equation, and for each component ↵ are given by
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where we put fm = 0. In this perturbation equations, we included the elastic scattering
cross section between radiation and DM, �e, which makes DMs are coupled kinetically to the
radiation before they reaches the kinetic decoupling. The 00 component of the perturbed
Einstein equation governs the evolution of the metric perturbations,

�
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 � 3H

⇣
 ̇+H�

⌘
=

1

2m2
Pl

(⇢��� + ⇢r�r + ⇢m�m) . (24)

Note that in the absence of the anisotropic tensor as in our setup, � =  which then closes the
set of equations we need to solve.

3.1 Perturbations with WIMP DM

We first consider WIMP DM. For M = O(100) GeV, the chemical freeze-out temperature Tfr

is around several GeV, but DM is still in kinetic equilibrium. For usual WIMP, the kinetic
decoupling arises at Tkd = O(1� 10) MeV. Thus, as a benchmark scenario, we consider Treh =
O(10� 100) MeV so that

Tfr > Treh > Tkd . (25)
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Horizon reentry depending on the scale

(I) The modes that remain outside even after reheating and kinetic 
decoupling

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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1

(II) The modes that enter the horizon during RD after kinetic 
decoupling

Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < kfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling (k�1
reh < k�1 <

k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)

6

(III) The modes that enter the horizon during RD before kinetic 
decoupling

Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < kfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling
(k�1

reh < k�1 < k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)

6

(IV) The modes that enter the horizon during SD

Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < kfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling
(k�1

reh < k�1 < k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)
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Figure 2: Case I. (Left: log scale, right:linear scale).The evolution of the density contrast of
the scalar (black), radiation (red) and WIMP DM (blue) respectively with respect to the initial
gravitational potential for the scale k = 10�6HI which is outside the horizon.
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Figure 3: Case II. (Left: log scale, right:linear scale).The evolution of the density contrast
of the scalar (black), radiation (red) and WIMP DM (blue) respectively with respect to the
initial gravitational potential for the scale k = 10�3.4HI . The DM kinetic decoupling is around
a ' 105 and the scale enters horizon just after that during RD.

Now we turn to �m. At early times WIMPs are in thermal equilibrium, thus ⇢m = ⇢m(T ).
Then, from (5)

�m ' M

4T
�r / a3/8 . (33)

After WIMPs are decoupled, adiabaticity demands �m = 2�0. which is equal to ��. After
transition to RD, it is reduced to 5�0/3 which follows the adiabatic condition in RD, �m = 3�r/4.
The evolutions of individual perturbations on super-horizon scales are shown in Figure 2.

3.1.2 Horizon reentry during RD

Shown in Figures 3 and 4 are the next two cases (II) and (III), where the modes enter the horizon
during RD after and before the kinetic decoupling from radiation respectively. The evolutions

7

(I) The modes that remain outside even after reheating and kinetic 
decoupling

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

T
fr

' m

20
k�1 > k�1

kd

(1)

T 0

0

= ⇢, T 0

i = T i
0

= 0, T i
j = p �ij gµ⌫u

µu⌫ = +1 (2)

m = �2.5 log
10

F

F
0

(3)

Fm+1

Fm
= 1001/5 2.5 log

10

Fm+1

Fm
= 1 (4)

�t
1

R(t
1

)
' �t

0

R(t
0

)
(5)

Z t0

t1

dt

R(t)
=

Z t0+�t0

t1+�t1

dt

R(t)
(6)

t
1

t
1

+ �t
1

t
0

t
0

+ �t
0

(7)

(r, ✓,�) 0 = ds2 = dt2 �R2(t)
dr2

1� kr2

Z t0

t1

dt

R(t)
=

Z r

0

drp
1� kr2

(8)

�0

�
=

1 + vrp
1� ~v2

' 1 + vr (9)

dt
0

= dt0 + vrdt
0 = (1 + vr)

�tp
1� ~v2

(10)

1

thermal
 decoupling

decay

Scalar Dom. Radiation Dom.

Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < Tfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling
(k�1

reh < k�1 < k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)
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during 
decay

Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < Tfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling
(k�1

reh < k�1 < k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)
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Figure 3: Case II. (Left: log scale, right:linear scale).The evolution of the density contrast
of the scalar (black), radiation (red) and WIMP DM (blue) respectively with respect to the
initial gravitational potential for the scale k = 10�3.4HI . The DM kinetic decoupling is around
a ' 105 and the scale enters horizon just after that during RD.

Now we turn to �m. At early times WIMPs are in thermal equilibrium, thus ⇢m = ⇢m(T ).
Then, from (5)

�m ' M

4T
�r / a3/8 . (33)

After WIMPs are decoupled, adiabaticity demands �m = 2�0. which is equal to ��. After
transition to RD, it is reduced to 5�0/3 which follows the adiabatic condition in RD, �m = 3�r/4.
The evolutions of individual perturbations on super-horizon scales are shown in Figure 2.

3.1.2 Horizon reentry during RD

Shown in Figures 3 and 4 are the next two cases (II) and (III), where the modes enter the horizon
during RD after and before the kinetic decoupling from radiation respectively. The evolutions
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Now we turn to �m. At early times WIMPs are in thermal equilibrium, thus ⇢m = ⇢m(T ).
Then, from (5)

�m ' M

4T
�r / a3/8 . (33)

After WIMPs are decoupled, adiabaticity demands �m = 2�0. which is equal to ��. After
transition to RD, it is reduced to 5�0/3 which follows the adiabatic condition in RD, �m = 3�r/4.
The evolutions of individual perturbations on super-horizon scales are shown in Figure 2.

3.1.2 Horizon reentry during RD

Shown in Figures 3 and 4 are the next two cases (II) and (III), where the modes enter the horizon
during RD after and before the kinetic decoupling from radiation respectively. The evolutions
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5

lepton pair annihilation and neutrino decoupling. For
reasonable parameters, neutralino kinetic decoupling oc-
curs after muon annihilation but before electron annihi-
lation and neutrino decoupling. During this era, the isen-
tropic mode of perturbations has time-dependence given
by the relativistic perfect-fluid transfer functions

Φ = Ψ = −
3

θ3
(sin θ − θ cos θ) , (26a)

HuL = −
3

2θ

[(

1 −
2

θ2

)

sin θ +
2

θ
cos θ

]

, (26b)

T1

TL
=

δL

3
= −

θ2

2
Φ −HuL , (26c)

where H ≡ ȧ/a, θ ≡ kτ/
√

3, and the transfer functions
are normalized so that Φ = −1 for θ = 0 2. The actual
perturbations are obtained by multiplying the transfer
functions with the scalar field Ψ0(k) that gives the spatial
dependence of the initial (inflationary) curvature fluctu-
ations. As the inflationary curvature perturbations are
well known (a Gaussian random field with nearly scale-
invariant spectral density P ∝ k−3), here we work with
transfer functions.

Initial conditions for Eqs. (24) are obtained by exam-
ining the solutions for s = 1

2γaτ ≡ (τ/τd)−4 ≫ 1. Isen-
tropic initial conditions have f00 = δ = δL. The only
significantly perturbed components of f for the strongly
coupled plasma are the thermal equilibrium values

f00 = δL , f01 =
k

3

√

2mχ

TL
uL , f10 = −

T1

TL
= −

1

3
δL .

(27)
All other components fnl are kept small by rapid WIMP-
lepton collisions. Equations (24) with n ≤ 1400 and
l ≤ 15 were integrated to τ = 72τd using the standard ex-
plicit ordinary differential equation solver DVERK. Con-
vergence testing showed that higher-order terms in the
Laguerre expansion were negligible.

Figure 1 shows the results for the density transfer func-
tion expressed using the gauge-invariant variable ν, de-
fined as the CDM number density perturbation in a syn-
chronous gauge for which the mean CDM velocity van-
ishes in the coordinate frame (for a nonrelativistic parti-
cle, ν equals Bardeen’s variable ϵm). This variable, which
is used by CMBFAST [12], is related to the conformal
Newtonian gauge variables by

ν ≡ δ + 3Hu . (28)

For wavelengths longer than the radiation acoustic length
τ/

√
3, ν = δL+3HuL ≈ 1

2 (kτ)2. For wavelengths shorter
than the radiation acoustic length at τ but longer than
the acoustic length at τd (i.e., 10τ−1 < k < τ−1

d ), the

2 Here, δL = δρL/(ρL + pL) is the number density perturbation
in conformal Newtonian gauge; the energy density perturbation
for the relativistic leptons is δρL/ρL = 4

3
δL.
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FIG. 1: CDM density transfer function versus wavenumber
at conformal time τ = 72τd. The three oscillating curves as-
sume that kinetic decoupling occurred at τd for three different
values of the radiation temperature Td relative to the CDM
particle mass mχ; the amplitude of the oscillations decreases
with increasing Td/mχ. The upper, monotonic curve assumes
that the CDM is always collisionless and was never coupled to
the radiation. The other non-oscillating curve shows a crude
model of kinetic decoupling described by a Gaussian cutoff.

acoustic oscillations of the gravitational potential aver-
age out leading to a suppression of growth induced in the
CDM. For these intermediate wavelengths the transfer
function is a logarithmic function of wavenumber. If the
dark matter were completely non-interacting, this loga-
rithm would continue to arbitrarily high wavenumbers,
as illustrated by the monotonically rising curve in Fig. 1.

Because WIMP dark matter was collisionally coupled
to the relativistic lepton plasma at early times, the CDM
transfer function in Fig. 1 shows remnant damped acous-
tic oscillations at short wavelengths. For comparison
a Gaussian transfer function is shown, with no oscilla-
tions. In this model, the effects of kinetic decoupling
are described by multiplying the transfer function for
the completely non-interacting case by exp(−k2/2σ2

k).
As we will see, a simple model of free streaming pre-
dicts that (σkτd)−1 ≈ [Γ(3

4 )Td/mχ]1/2[ln(τ/τd)] dur-
ing the radiation-dominated era. For τ = 72τd and
(2Td/mχ)1/2 = 0.01 this model would predict σkτd ≈ 30
whereas the curve shown in Fig. 1 has σkτd = 18. Free-
streaming does not give a good approximation to the
actual transfer function.

The exact transfer functions shown in Fig. 1 decrease
less rapidly with wavenumber than the approximate
transfer functions of Ref. [9] which were computed using
a fluid approximation followed by free-streaming. The
following section reviews the free-streaming solution and
then develops a more accurate approximation based on
moments of the exact Fokker-Planck equation.
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perturbations are obtained by multiplying the transfer
functions with the scalar field Ψ0(k) that gives the spatial
dependence of the initial (inflationary) curvature fluctu-
ations. As the inflationary curvature perturbations are
well known (a Gaussian random field with nearly scale-
invariant spectral density P ∝ k−3), here we work with
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Initial conditions for Eqs. (24) are obtained by exam-
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lepton collisions. Equations (24) with n ≤ 1400 and
l ≤ 15 were integrated to τ = 72τd using the standard ex-
plicit ordinary differential equation solver DVERK. Con-
vergence testing showed that higher-order terms in the
Laguerre expansion were negligible.

Figure 1 shows the results for the density transfer func-
tion expressed using the gauge-invariant variable ν, de-
fined as the CDM number density perturbation in a syn-
chronous gauge for which the mean CDM velocity van-
ishes in the coordinate frame (for a nonrelativistic parti-
cle, ν equals Bardeen’s variable ϵm). This variable, which
is used by CMBFAST [12], is related to the conformal
Newtonian gauge variables by

ν ≡ δ + 3Hu . (28)
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dark matter were completely non-interacting, this loga-
rithm would continue to arbitrarily high wavenumbers,
as illustrated by the monotonically rising curve in Fig. 1.
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to the relativistic lepton plasma at early times, the CDM
transfer function in Fig. 1 shows remnant damped acous-
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a Gaussian transfer function is shown, with no oscilla-
tions. In this model, the effects of kinetic decoupling
are described by multiplying the transfer function for
the completely non-interacting case by exp(−k2/2σ2
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As we will see, a simple model of free streaming pre-
dicts that (σkτd)−1 ≈ [Γ(3

4 )Td/mχ]1/2[ln(τ/τd)] dur-
ing the radiation-dominated era. For τ = 72τd and
(2Td/mχ)1/2 = 0.01 this model would predict σkτd ≈ 30
whereas the curve shown in Fig. 1 has σkτd = 18. Free-
streaming does not give a good approximation to the
actual transfer function.

The exact transfer functions shown in Fig. 1 decrease
less rapidly with wavenumber than the approximate
transfer functions of Ref. [9] which were computed using
a fluid approximation followed by free-streaming. The
following section reviews the free-streaming solution and
then develops a more accurate approximation based on
moments of the exact Fokker-Planck equation.
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(II) The modes that enter the horizon during RD after kinetic 
decoupling

Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < kfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling (k�1
reh < k�1 <

k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)
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Figure 2: Case I. (Left: log scale, right:linear scale).The evolution of the density contrast of
the scalar (black), radiation (red) and WIMP DM (blue) respectively with respect to the initial
gravitational potential for the scale k = 10�6HI which is outside the horizon.
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Figure 3: Case II. (Left: log scale, right:linear scale).The evolution of the density contrast
of the scalar (black), radiation (red) and WIMP DM (blue) respectively with respect to the
initial gravitational potential for the scale k = 10�3.4HI . The DM kinetic decoupling is around
a ' 105 and the scale enters horizon just after that during RD.

Now we turn to �m. At early times WIMPs are in thermal equilibrium, thus ⇢m = ⇢m(T ).
Then, from (5)

�m ' M

4T
�r / a3/8 . (33)

After WIMPs are decoupled, adiabaticity demands �m = 2�0. which is equal to ��. After
transition to RD, it is reduced to 5�0/3 which follows the adiabatic condition in RD, �m = 3�r/4.
The evolutions of individual perturbations on super-horizon scales are shown in Figure 2.

3.1.2 Horizon reentry during RD

Shown in Figures 3 and 4 are the next two cases (II) and (III), where the modes enter the horizon
during RD after and before the kinetic decoupling from radiation respectively. The evolutions
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(III) The modes that enter the horizon during RD before kinetic 
decoupling

Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < kfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling
(k�1

reh < k�1 < k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)
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Figure 4: Case III. (Left: log scale, right:linear scale). The evolution of the density contrast of
the scalar (black), radiation (red) and WIMP DM (blue) respectively with respect to the initial
gravitational potential for the scale k = 10�2HI . The DM kinetic decoupling is around a = 105

and the scale enters horizon before that at around a = 104 during RD. The scalar decays at
around a =???.
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Figure 5: Case IV. (Left: log scale, right:linear scale).The evolution of the density contrast of
the scalar (black), radiation (red) and WIMP DM (blue) respectively with respect to the initial
gravitational potential for the scale k = 10�0.6HI . The scale enters horizon at around a = 50
during SD and the RD starts around a =????.

of �r and �m are not sensitive to SD. For case (II), the horizon reentry is after kinetic decoupling.
Thus after the modes enter the horizon, �r simply oscillates and �m grows logarithmically, which
is the standard picture. For case (III), since DM is still in kinetic equilibrium with radiation
after the modes enter the horizon, �m follows �r and hence oscillates in phase. Only after kinetic
decoupling, �m increases logarithmically. �� also grows logarithmically after it enters horizon
and shows a slight oscillatory feature due to.......
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(IV) The modes that enter the horizon during SD

Questions: 1. All the perturbation below k�1
kd is suppressed? 2. Why not the case for Treh <

Tkd < kfr? Then, we may consider the evolution of perturbations in four di↵erent regimes of
scales:

(I) The modes that remain outside the horizon even after reheating and kinetic decoupling.

(II) The modes that enter the horizon during RD after kinetic decoupling (k�1
kd < k�1).

(III) The modes that enter the horizon during RD before kinetic decoupling
(k�1

reh < k�1 < k�1
kd ).

(IV) The modes that enter the horizon during SD (k�1 < k�1
reh).

(Notation of perturbation equation is di↵erent from that of Sigurdson’s paper.
Then it seems that notation �0 in our note below should change to � 0 or ��0. I
didn’t change it for a moment, just because then I should change the sign of figures
also. ) We give initial conditions for the perturbation when it is far outside the horizon where
the perturbations do not evolve but remain constant and the gravitational potential, � = �0.
Since the radiation and DMs are produced from the single source, the decaying scalar, the
perturbation is adiabatic by definition. Using the relation for the adibacity,

�⇢↵
⇢̇↵

=
�⇢�
⇢̇�

(26)

between di↵erent species ↵ and � on super-horizon scales during SD and much before the
reheating (Hi > ��), and we obtain [[[ JG: NEED TO CHECK – NO JUMP IN �m IN
THIS CASE??? ]]] we easily find the initial values for the density contrast,

��(ai) = 2�0 , (27)

�r(ai) = �0 , (28)

�m(ai) ⇡ M

4Ti

�r(ai) =
M

4Ti

�0 (WIMP in thermal equilibrium), (29)

�m(ai) = ��(ai) = 2�0 (E-WIMP), (30)

(31)

with Ti = [30⇢r(ai)/(g⇤⇡2)]1/4 as given in (6). Note that these can be also derived from the
Boltzmann equations.

3.1.1 Super-horizon scales

Let us see the first case (I), super-horizon scales. During SD, as mentioned above, �� and
�r retain their initial values as given by (27) and (28), respectively. After � decays and the
universe becomes RD, � rescales from �0 to 10�0/9. Accordingly, �r grows from 2�0 to
2(10/9)�0. Meanwhile, ⇢� decreases exponentially as ⇢� / exp(���t). Thus from (13) we can
find �� during RD increases proportional to a2 as [[[ JG: SIGN OF �??? ]]]

�� ' ��

4H
�r / a2 . (32)
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Figure 6: Absolute value of density contrast of the dark matter for WIMP (blue), and E-WIMP
(orange) at scale a = 107aI . kreh = 0.015HI is the mode that enter the horizon around transition
era between SD and RD. Draw vertical dashed lines corresponding to each momentum ranges:
kfr, kreh, kkd, and k(a)

(I) k . 5⇥ 10�4kreh: �m is outside the horizon and thus is nearly constant.

(II) 5 ⇥ 10�4kreh . k . 0.05kreh: �m enters the horizon during RD after kinetic decoupling,
and grows according to the following fitting formula:

�m(a) =
10

9
�0A log


Ba

ahor(k)

�
, (39)

where A = 9.11, B = 0.594, and ahor(k) ⇠ (k/Hreg)�1 is the scale at which the mode k
enters the horizon [Sigurdson].

(III) 0.05kreh . k . 5kreh: �m enters the horizon during RD before kinetic decoupling, which
induces both oscillations and damping.

(IV) 5kreh . k: �m enters the horizon during SD and follows (38).

�m ⇡ �1.9⇥ 103 �0

✓
k

aiHi

◆2

/ k2 . (40)

Throughout the period when the dark matter density is subdominant, the perturbation of
DM does not a↵ect each other. However the situation changes when DM relic density becomes
important in the matter dominant epoch (MD). The behaviour is shown in the next subsection.

3.3 Perturbation during MD

In the previous sections, we have obtained the non-trivial evolution of perturbations during SD
and the subsequent RD. After kinetic decoupling, the interactions between DM and radiation
become negligible and the evolution of perturbations follows the standard picture. Here we

10

The growth and suppression of the density perturbation.

super
horizon

reheating

kinetic 
decoupling

suppression by 
kinetic eq.

enhancement 
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Probing the DM halo
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Primordial perturbation 
Ultra Compact Mini Halo (UCMH) : Non-baryonic Massive compact 
halo object  

                              

Torsten Bringmann, University of Hamburg !Thermal decoupling of WIMPs

Survival of microhalos

12

N-body simulations can 
follow evolution until z~26

General expectation afterwards: tidal disruption 
important, but compact core should survive...

...though prospects might be much worse.

Details not well understood and still under debate,
more input from simulations needed!

Diemand, Moore & Stadel, Nature ’05

(for field halos and adopting a special multi-scale 
technique)

Berezinsky et al., PRD ’03, PRD ’08; Moore ’05, Diemand, Kuhlen & Madau ApJ 
’06; Green & Goodwin, MNRAS ’07, Goerdt et al., MNRAS ’07; ... 

Zhao et al., ApJ ’07

Diemand et al, Nature 05   
at z=26 
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How is the large perturbation generated?

- Features in the inflationary potential : large perturbation at 
small scales

- Matter-dominated epoch before radiation domination
: oscillating inflation, curvaton, moduli, thermal inflation etc

Observing UCMH?
- UCMH is an DM dominated isolated objects

- Very steep density profile 

Introduction to ultracompact minihalos
Observational predictions & constraints

Cosmological implications

Background

Question
What is an ultracompact minihalo (UCMH)?

Answer
A DM halo that collapses shortly after matter-radiation equality

‘Shortly’ means zcollapse is O(100) or more

=) isolated collapse

=) formation by radial infall

=) very steep density profile! ⇢ _ r�9/4

=) excellent indirect detection targets

Also good lensing prospects Ricotti & Gould ApJ 2009; Li et al Phys. Rev. D 2012

Cosmology with ultracompact minihalos of dark matter Pat Scott – Jul 13 2012 – Auckland

PS & Sivertsson
Phys. Rev. Lett. 2009
Lacki & Beacom ApJL 2010

- Lensing targets

- Indirect detection 

[Ricotti, Gould, 2009] [Li et al, 2012]

[Scott, Siverstsson, 2009] [Lacki, Beacom, 2012]
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Probing UCMH with WIMP dark matter

- WIMPs in the Earth-mass clumps annihilate and produce 
gamma-rays that can be probed by gamma-ray telescopes.

- The annihilation of DM can affect the reionization process.

- Up to now, Non-observation of UCMH put strong constraints 
on the primordial spectrum at small scales.

to k! 1023 Mpc"1), the constraints are different from
those provided by the aforementioned cosmological probes
in that 1) they are upper limits rather than positive mea-
surements, and 2) they are much weaker (the upper limits
are many orders of magnitude larger than the cosmological
constraints on large scales).

A number of different techniques have been used to
constrain the primordial power spectrum and its properties
with cosmological observations. These include top-down
approaches, where specific theoretical models of the pri-
mordial fluctuations or the inflaton potential are fit to the
data, and bottom-up attempts to reconstruct the shape of
the spectrum from data with no such assumptions. Such
reconstruction techniques consist of simple binning tech-
niques, [129–138] principal component analysis, [139]
methods of direct inversion, [140–154] and minimally
parametric reconstructions based on cross-validation tech-
nique [155,156]. Results of these reconstruction proce-
dures, although consistent with one another, are in
general not identical even in cases where the same obser-
vational data sets are employed.

One of our objectives in this paper is to present a com-
prehensive compilation of the best constraints on the power
spectrum at all scales, including those from UCMHs
(as discussed in Sec. IVA). We therefore select the
strongest available constraints provided by the latest analy-
ses of different cosmological data; these come from
Refs. [152,153,156] and draw primarily upon CMB, LSS,
andLyman-! data, though some small additional constrain-
ing power is derived from measurements of primordial
nucleosynthesis, supernovae, and the Hubble constant

(refer to Ref. [153] for details). We combine these
constraints into a single 1" band (comprised of the best
available upper and lower limits at each k). We plot the
resultant constraint band in Fig. 6, along with our own
results on small scales from reionization and gamma-ray
searches for individual UCMHs and galactic diffuse DM
sources.
We also show the current strongest upper limits on the

power spectrum derived from PBHs [43], based on their
present-day gravitational influence (for k & 1016 Mpc"1)
and the products of their conjectured [157] evaporation
(for k * 1016 Mpc"1). We do not show limits above k *
1019 Mpc"1, as such constraints rely on model-dependent
assumptions about new (quasi-)stable elementary particles
that often appear in extensions of the standard model. At
even smaller scales, l"1

Pl * k * 1021 Mpc"1, the situation
is even more uncertain: One must assume that the evapo-
ration leaves a hypothetical Planck-sized relic in order to
place any further limits.
We do not make any attempt to harmonize the CLs with

which we state limits from different sources, as we do not
have access to the full likelihood functions for any of the
reported results. Let us also repeat a general word of
caution for these kinds of limits: Even though we present
them here in a model-independent way, such limits always
depend to a certain extent on the assumed spectrum of the
density perturbations. This should be kept in mind when
comparing predictions from, e.g., inflationary models to
what is shown in Fig. 6 (see Appendix B for how to treat
spectra that deviate from the locally scale-free spectrum
that we assumed here).

FIG. 6 (color online). Constraints on the allowed amplitude of primordial density (curvature) perturbations P # (PR) at all scales.
Here, we give the combined best measurements of the power spectrum on large scales from the CMB, large-scale structure, Lyman-!
observations, and other cosmological probes [152,153,156]. We also plot upper limits from gamma-ray and reionization/CMB
searches for UCMHs and primordial black holes [43]. For ease of reference, we also show the range of possible DM kinetic decoupling
scales for some indicative WIMPs [74]; for a particle model with a kinetic decoupling scale kKD, limits do not apply at k > kKD. Note
that for modes entering the horizon during matter domination, P # (but not PR) should be multiplied by a further factor of 0.81.

IMPROVED CONSTRAINTS ON THE PRIMORDIAL POWER . . . PHYSICAL REVIEW D 85, 125027 (2012)

125027-13

UCMH

reionization

PBH

[Diemand,	 Moore,	 Stadel,	 2005]

[Bringmann, Scott,  Akrami, 2012]
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Probability to create UCMH

account for this, we simply truncate our density profiles
instead at r ¼ rcut, setting the density within this radius
equal to !";max.

While both are important for total annihilation rates,
neither the annihilation cutoff nor the correction for viola-
tion of radial infall has any real bearing upon the integrated
mass of UCMHs. Correcting, e.g., Eq. (8) to retain exactly
the same integrated UCMHmass after complete truncation
of the density profile inwards of rmin or rcut would result in
changes at less than the percent level.

III. THE UCMH POPULATION TODAY

A. Present abundance

For perturbations following a Gaussian distribution, the
probability that a region of comoving size R (at the time
when this scale enters the horizon, i.e., 1=R ¼ aH) will
later collapse into a UCMH is given by

#ðRÞ ¼ 1ffiffiffiffiffiffiffi
2$

p
%";HðRÞ

Z &max
"

&min
"

exp
"
$ &2

"

2%2
";HðRÞ

#
d&": (15)

Here, %2
";H is the CDM mass variance at horizon entry and

&" is the density contrast in the CDM component only; in
Appendix B, we provide a detailed recipe for computing
%2

";H. The minimal &" required for the collapse eventually

to happen is given by &min
" (see Appendix A for a precise

determination of this value as a function of R), and an
initial density contrast higher than &max

" would lead to the
formation of a PBH rather than a UCMH. PBH formation
is expected above &max

" % 1=4 from semianalytical argu-
ments [35] or slightly higher values, &max

" % 0:5, from
numerical simulations [36] (recall that for superhorizon
adiabatic fluctuations, we have &" % ð3=4Þ& during radia-
tion domination). UCMH formation, on the other hand,
only requires much smaller density contrasts of the order of
&min
" % 10$3 [48]. With %";H % 10$5, as observed on large

scales, we would thus always have %";H & &min
" & &max

"

and thus

#ðRÞ ’ %";HðRÞffiffiffiffiffiffiffi
2$

p
&min
"

exp
"
$ &min2

"

2%2
";HðRÞ

#
: (16)

This turns out to be a very good approximation to Eq. (15),
even in all cases that we will be interested in here, where
the power on small scales is significantly larger than on
large scales.

Note that #ðRÞ also counts those regions of size R that
are contained within a larger region R0 > R that satisfies
&> &min

" , too. On the other hand, it does not take into
account the possibility that we have &< &min

" for the
smaller region R, but still have &> &min

" for the larger
region R0—in which case the original region of course
would also collapse eventually and end up in a (bigger)
UCMH. In the following, we will conservatively neglect

these contributions to the total UCMH abundance; in pass-
ing, however, we note that in the Press-Schechter formal-
ism, [83] these effects would (somewhat arbitrarily) be
accounted for by multiplying the above expressions for #
by a factor of 2.
Taking into account the accretion of mass described by

Eq. (2), the present density of UCMHs with mass equal to
or greater than M0

UCMH is therefore given by

!UCMHðM0
UCMHÞ ¼ !"

M0
UCMH

Mi
#ðRÞ; (17)

where R ¼ RðM0
UCMHÞ follows from Eq. (3). Note that this

expression does not take into account the potential destruc-
tion of UCMHs due to tidal forces and mergers during
structure and galaxy formation. Similar to the case of
superdense clumps that already collapsed during radiation
domination [31], however, these effects turn out to be
completely negligible. This is because UCMHs form so
early that by the time of structure formation, they have
collapsed into quite extreme overdensities with respect to
the smooth background. A good indicator of survival
probability is the size of the core radius [84,85], given by
Eqs. (12) and (14). A smaller core radius indicates a higher
survival probability. In particular, a core-to-outer radius
ratio of less than %10$3 [85] indicates a survival proba-
bility very close to unity; for all the UCMHs we consider in
this paper, this ratio is less than 10$5. It is also worth
recalling that UCMHs evolve as completely isolated ob-
jects for some time after they have collapsed: The limits
that we will place correspond to rather rare fluctuations
with &=%";H % 3–6 (relative to a perturbation spectrum
where %";H is already enhanced by roughly one order of
magnitude on the scale of interest, compared to what is
expected from observations at large scales).
We point out that the DM annihilation signal from

UCMHs is almost exclusively sensitive to the density in
the innermost region; even if UCMHs were to lose part of
their outer material due to tidal stripping, this would there-
fore not affect the corresponding limits that we derive in
Sec. IV. In fact, even for ordinary DM clumps—formed in
the presence of a standard Harrison-Zel’dovich spectrum
of density fluctuations and thus with much smaller den-
sities than UCMHs—a dense inner core should remain
more or less intact, and the impact of clump destruction
on indirect detection prospects could be much less severe
than one naively might expect [85,86]; the impact on
UCMHs should be even less. For the following discussion,
we thus assume that Eq. (3) indeed provides a very good
estimate for the present UCMH mass, and that Eq. (17)
accurately represents the present UCMH density.
As another important consequence of the extremely high

density of UCMHs discussed above, we note that the
spatial distribution of UCMHs is expected to track the
bulk DM. This is quite different from ordinary DM sub-
halos, which are subject to tidal disruption and therefore

IMPROVED CONSTRAINTS ON THE PRIMORDIAL POWER . . . PHYSICAL REVIEW D 85, 125027 (2012)
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- the probability that a region of comoving size R, at the time of 1/R=aH, 
will collapse later into UCMH for Gaussian perturbation,

- the determination of          depends on the specific model of early 
Universe 

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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!iðk; tÞ ¼ Ni"
2Tið"ÞR0ðkÞ; (A7)

where

" ¼ 2ktffiffiffi
3

p
a
¼ 1ffiffiffi

3
p k

aH
(A8)

and i ¼ #, r for the DM and radiation component, respec-
tively. For adiabatic fluctuations, we have Nr ¼ 4=3 and
N# ¼ 1. The transfer functions introduced here satisfy
Tið0Þ ¼ 1 and are given by

Trð"Þ ¼
3

"
j1ð"Þ; (A9)

T#ð"Þ ¼
6

"2

"
lnð"Þ þ $E %

1

2
% Cið"Þ þ 1

2
j0ð"Þ

#
; (A10)

where $E is the Euler-Mascheroni constant, Ci the cosine
integral function, and j0;1 are spherical Bessel functions of
the first kind. Eq. (A10) is somewhat painful to implement
numerically in certain cases; a good solution is to modify
an existing code for computing CiðxÞ (as found in, e.g.,
Ref. [113]) to instead return x%2½CiðxÞ % lnx% $E'.

We have now collected all the pieces needed to express
the minimal density contrast in the DM component, at the
time of horizon entry tk of a scale k, for a perturbation
to collapse and form a UCMH before a redshift zc.
Combining Eqs. (A5) and (A7), we have

!min
# ðk; tkÞ ¼

a2

t2

$$$$$$$$z¼zc

2

9

%
3%

2

&
2=3 T#ð" ¼ 1=

ffiffiffi
3

p
Þ

k2T ð&Þ : (A11)

This function is plotted in Fig. 7 for a few selected values
of zc. Note that after decoupling at zdec ( 1000, baryons

would also start to gravitationally collapse and thus sig-
nificantly contribute to the overdensity—which has not
been taken into account here. In that sense, our estimate
for !min

# is rather conservative for redshifts z ) zdec.

APPENDIX B: CORRECT NORMALIZATION OF
POWER SPECTRUM AND MASS VARIANCE

In this Appendix, we review in detail how to express the
mass variance, i.e., the rms overdensity in a given region of
space, in terms of the superhorizon spectrum of density or
curvature fluctuations provided by inflation.
Assuming Gaussian statistics for the primordial density

fluctuations, the probability (density) to find an average
density contrast ! in a spherical region of size R is given by

pRð!Þ ¼
1ffiffiffiffiffiffiffi

2%
p

'ðRÞ
exp

"
% !2

2'2ðRÞ

#
; (B1)

where the mass variance 'ðRÞ is computed by convolving
the power spectrum with a top-hat window function:

'2ðRÞ ¼
Z 1

0
W2

THðkRÞP !ðkÞ
dk

k
: (B2)

In the above expression, P !ðkÞ is defined by

h!k!
*
k0 i +

2%2

k3
P !ðkÞ!ðk% k0Þ (B3)

and WTHðxÞ ¼ 3j1ðxÞ=x ¼ 3x%3ðsinx% x cosxÞ denotes
the Fourier transform of the 3D top-hat window function,
with x + kR.
The above description is somewhat complicated by the

fact that density perturbations evolve with the expansion of
the Universe, which means that the power spectrum is also
time-dependent. In total matter (as well as in synchronous)
gauge, the quantity10

!2
Hðk; tÞ +

ðaHÞ4
k4

P !ðkÞ; (B4)

however, is time-independent on superhorizon scales (k )
aH), with a numerical value that is very close to the value
at the time tk when mode k crosses the horizon. It is thus
illustrative to separate the power spectrum into a part that
describes the primordial fluctuation spectrum on super-
horizon scales, as provided by inflation, and a part that
encodes the evolution of the perturbations (mostly after
they enter the horizon). This is usually done by introducing
a transfer function

T2ðk; tÞ + !2
Hðk; tÞ=!2

Hðk; tiÞ; (B5)

which satisfies Tðk ! 0; tÞ ! 1. In the above definition, ti
denotes a time before the entrance of any scale k into the
horizon, ti < tk 8 k, so it should be taken to correspond to

FIG. 7 (color online). Minimal density contrast in the DM
component, at the time of horizon entry (k ¼ aH), required to
form a UCMH before redshift zc ¼ 1000, 500, or 200.

10The quantity !H is directly related to what is also known as
the peculiar gravitational potential, !2 ¼ ð9%2=2k3Þ!2
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-           depends on the primordial power spectrum

!iðk; tÞ ¼ Ni"
2Tið"ÞR0ðkÞ; (A7)

where

" ¼ 2ktffiffiffi
3

p
a
¼ 1ffiffiffi

3
p k

aH
(A8)

and i ¼ #, r for the DM and radiation component, respec-
tively. For adiabatic fluctuations, we have Nr ¼ 4=3 and
N# ¼ 1. The transfer functions introduced here satisfy
Tið0Þ ¼ 1 and are given by

Trð"Þ ¼
3

"
j1ð"Þ; (A9)

T#ð"Þ ¼
6

"2

"
lnð"Þ þ $E %

1

2
% Cið"Þ þ 1

2
j0ð"Þ

#
; (A10)

where $E is the Euler-Mascheroni constant, Ci the cosine
integral function, and j0;1 are spherical Bessel functions of
the first kind. Eq. (A10) is somewhat painful to implement
numerically in certain cases; a good solution is to modify
an existing code for computing CiðxÞ (as found in, e.g.,
Ref. [113]) to instead return x%2½CiðxÞ % lnx% $E'.

We have now collected all the pieces needed to express
the minimal density contrast in the DM component, at the
time of horizon entry tk of a scale k, for a perturbation
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nificantly contribute to the overdensity—which has not
been taken into account here. In that sense, our estimate
for !min

# is rather conservative for redshifts z ) zdec.

APPENDIX B: CORRECT NORMALIZATION OF
POWER SPECTRUM AND MASS VARIANCE

In this Appendix, we review in detail how to express the
mass variance, i.e., the rms overdensity in a given region of
space, in terms of the superhorizon spectrum of density or
curvature fluctuations provided by inflation.
Assuming Gaussian statistics for the primordial density

fluctuations, the probability (density) to find an average
density contrast ! in a spherical region of size R is given by

pRð!Þ ¼
1ffiffiffiffiffiffiffi

2%
p

'ðRÞ
exp

"
% !2

2'2ðRÞ

#
; (B1)

where the mass variance 'ðRÞ is computed by convolving
the power spectrum with a top-hat window function:

'2ðRÞ ¼
Z 1

0
W2

THðkRÞP !ðkÞ
dk

k
: (B2)

In the above expression, P !ðkÞ is defined by

h!k!
*
k0 i +

2%2

k3
P !ðkÞ!ðk% k0Þ (B3)

and WTHðxÞ ¼ 3j1ðxÞ=x ¼ 3x%3ðsinx% x cosxÞ denotes
the Fourier transform of the 3D top-hat window function,
with x + kR.
The above description is somewhat complicated by the

fact that density perturbations evolve with the expansion of
the Universe, which means that the power spectrum is also
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gauge, the quantity10
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aH), with a numerical value that is very close to the value
at the time tk when mode k crosses the horizon. It is thus
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describes the primordial fluctuation spectrum on super-
horizon scales, as provided by inflation, and a part that
encodes the evolution of the perturbations (mostly after
they enter the horizon). This is usually done by introducing
a transfer function
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However the constraint changes depending on the 
dark matter properties or the model of early Universe.

- If DM is not WIMP, there is no signal from the UCMH and 
no constraints.

- If there was a non-standard Universe before the radiation-
dominated era, the constraint also changes.

- Matter-dominated era before RD makes the constraints 
stronger.

- The growth and evolution of DM perturbation also changes 
depending on the DM properties: kinetic decoupling etc.
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Upper limit on       with WIMP DM in the scalar-dom. phase.

account for this, we simply truncate our density profiles
instead at r ¼ rcut, setting the density within this radius
equal to !";max.

While both are important for total annihilation rates,
neither the annihilation cutoff nor the correction for viola-
tion of radial infall has any real bearing upon the integrated
mass of UCMHs. Correcting, e.g., Eq. (8) to retain exactly
the same integrated UCMHmass after complete truncation
of the density profile inwards of rmin or rcut would result in
changes at less than the percent level.

III. THE UCMH POPULATION TODAY

A. Present abundance

For perturbations following a Gaussian distribution, the
probability that a region of comoving size R (at the time
when this scale enters the horizon, i.e., 1=R ¼ aH) will
later collapse into a UCMH is given by

#ðRÞ ¼ 1ffiffiffiffiffiffiffi
2$

p
%";HðRÞ

Z &max
"

&min
"

exp
"
$ &2

"

2%2
";HðRÞ

#
d&": (15)

Here, %2
";H is the CDM mass variance at horizon entry and

&" is the density contrast in the CDM component only; in
Appendix B, we provide a detailed recipe for computing
%2

";H. The minimal &" required for the collapse eventually

to happen is given by &min
" (see Appendix A for a precise

determination of this value as a function of R), and an
initial density contrast higher than &max

" would lead to the
formation of a PBH rather than a UCMH. PBH formation
is expected above &max

" % 1=4 from semianalytical argu-
ments [35] or slightly higher values, &max

" % 0:5, from
numerical simulations [36] (recall that for superhorizon
adiabatic fluctuations, we have &" % ð3=4Þ& during radia-
tion domination). UCMH formation, on the other hand,
only requires much smaller density contrasts of the order of
&min
" % 10$3 [48]. With %";H % 10$5, as observed on large

scales, we would thus always have %";H & &min
" & &max

"

and thus

#ðRÞ ’ %";HðRÞffiffiffiffiffiffiffi
2$

p
&min
"

exp
"
$ &min2

"

2%2
";HðRÞ

#
: (16)

This turns out to be a very good approximation to Eq. (15),
even in all cases that we will be interested in here, where
the power on small scales is significantly larger than on
large scales.

Note that #ðRÞ also counts those regions of size R that
are contained within a larger region R0 > R that satisfies
&> &min

" , too. On the other hand, it does not take into
account the possibility that we have &< &min

" for the
smaller region R, but still have &> &min

" for the larger
region R0—in which case the original region of course
would also collapse eventually and end up in a (bigger)
UCMH. In the following, we will conservatively neglect

these contributions to the total UCMH abundance; in pass-
ing, however, we note that in the Press-Schechter formal-
ism, [83] these effects would (somewhat arbitrarily) be
accounted for by multiplying the above expressions for #
by a factor of 2.
Taking into account the accretion of mass described by

Eq. (2), the present density of UCMHs with mass equal to
or greater than M0

UCMH is therefore given by

!UCMHðM0
UCMHÞ ¼ !"

M0
UCMH

Mi
#ðRÞ; (17)

where R ¼ RðM0
UCMHÞ follows from Eq. (3). Note that this

expression does not take into account the potential destruc-
tion of UCMHs due to tidal forces and mergers during
structure and galaxy formation. Similar to the case of
superdense clumps that already collapsed during radiation
domination [31], however, these effects turn out to be
completely negligible. This is because UCMHs form so
early that by the time of structure formation, they have
collapsed into quite extreme overdensities with respect to
the smooth background. A good indicator of survival
probability is the size of the core radius [84,85], given by
Eqs. (12) and (14). A smaller core radius indicates a higher
survival probability. In particular, a core-to-outer radius
ratio of less than %10$3 [85] indicates a survival proba-
bility very close to unity; for all the UCMHs we consider in
this paper, this ratio is less than 10$5. It is also worth
recalling that UCMHs evolve as completely isolated ob-
jects for some time after they have collapsed: The limits
that we will place correspond to rather rare fluctuations
with &=%";H % 3–6 (relative to a perturbation spectrum
where %";H is already enhanced by roughly one order of
magnitude on the scale of interest, compared to what is
expected from observations at large scales).
We point out that the DM annihilation signal from

UCMHs is almost exclusively sensitive to the density in
the innermost region; even if UCMHs were to lose part of
their outer material due to tidal stripping, this would there-
fore not affect the corresponding limits that we derive in
Sec. IV. In fact, even for ordinary DM clumps—formed in
the presence of a standard Harrison-Zel’dovich spectrum
of density fluctuations and thus with much smaller den-
sities than UCMHs—a dense inner core should remain
more or less intact, and the impact of clump destruction
on indirect detection prospects could be much less severe
than one naively might expect [85,86]; the impact on
UCMHs should be even less. For the following discussion,
we thus assume that Eq. (3) indeed provides a very good
estimate for the present UCMH mass, and that Eq. (17)
accurately represents the present UCMH density.
As another important consequence of the extremely high

density of UCMHs discussed above, we note that the
spatial distribution of UCMHs is expected to track the
bulk DM. This is quite different from ordinary DM sub-
halos, which are subject to tidal disruption and therefore
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Upper limit on          in the non-standard cosmology

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.
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system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Upper limit on            in the non-standard cosmology

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Discussion

2. The growth during this epoch gives a way to probe the 
existence of the matter dominated epoch.

1. There might be a matter dominated era before radiation 
domination in the big bang Universe.

3. From the non-observation of UCMH, the models of scalar 
domination and the DM are constrained.
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Thank You!
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Smallest scale cut-off

1. WIMP DM

2. e-WIMP DM (gravitino, axino)

3. axion-like particle DM
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: from kinetic decoupling or free streaming

: free streaming after it is produced

: Jeans scale / de Broglie scale

[Hu, Barkana, Gruzinov, 2000, Hwang 2009]
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