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Basic eqs. for perturbation theory

� = �(1) + �(2) + · · ·

single-stream approximation of collisionless Boltzmann eq.

Basic eqs.

Assuming the irrotational flow

� � � · �v
aH

� = �(1) + �(2) + · · ·

PT expansion

Starting point  

f(x, v; t)� �(t) {1 + �(x; t)} �D (v � v(x; t))
Phase-space distribution function

f(x, v; t)� �(t) {1 + �(x; t)} �D (v � v(x; t))



PT kernels

2

form of these are obtained from the Poisson equation and field equation for Brans-Dicke scalar [Eqs. (3)-(5)], and the
expressions relevant for perturbations up to the third oder are respectively given by [1, 2]:
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Here, in deriving the last expression, we perturbatively solve the scalaron field ϕ in terms of δ using Eqs. (4) and (5)
(see Appendix B of Ref. [2] for derivation).

II. SOLVING STANDARD PT KERNELS NUMERICALLY

In this section, we present the evolution equations for PT kernels. Since we are interested in the late-time evolution
dominated by the growing mode, the solution for perturbed quantities δ and θ are expressed as
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where δ0 is the random initial density field. Then, defining the operator of the matrix form (here a is the scale factor
of the Universe)
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the evolution equations for the kernels Fn and Gn are written as

L̂(k1···n)
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The source functions Sn and Tn represent the nonlinear mode coupling, and are written in terms of the lower-oder
perturbed quantities. The explicit form of these functions is derived from the basic equations (6) and (6), and we will
summarize below the source functions up to the third order.

A. Sounce functions

Linear order

S1(k; a) = 0,

T1(k; a) = 0 (12)

Second order
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EdS approximation:

Gn � �f(t) [D+(t)]n G̃n(k1, · · · ,kn)

Fn � [D+(t)]n F̃n(k1, · · · ,kn)

Kernels (F̃n, G̃n) are derived from recursion relations
Goroff et al. (’86)

D+ : linear growth factor

f = d ln D+
d ln a

: growth rate

initial density field

used to compute power spectrum, bispectrum, ….



Power spectrum
P (k) = Plin(k; t) + P13(k; t) + P22(k; t) + · · ·

From a diagrammatic point of view, we can easily convince ourselves that there is no
possibility to connect the three external points without invoking the three-point vertex of
F

2

. On the top left of Fig. 3 the tree-level bispectrum is shown.
One can then start computing higher-order corrections to the power- and bispectrum.

As shown in Fig. 2 there are two possible one-loop corrections to the power spectrum and
they take the rather simple form
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(2.24)

giving the SPT power spectrum

PSPT(k) = Plin(k) + P

22

(k) + P

13

(k) + higher order loops . (2.25)

These integrals can be divergent when the loop momentum q becomes large and the renor-
malization of these divergences has been discussed in the Ref. [6]. It is in fact one of the
main shortcomings of SPT that depending on the initial conditions, i.e. the form of the
linear power spectrum, the perturbative expansion leads to divergent, non-physical results.
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(see Refs. [1, 22, 23]
for discussions of the one-loop bispectrum in SPT as well as Ref. [24]). This is what is
shown in Fig. 3. Translating the graphs of Fig. 3 into mathematical expressions, the four
one-loop contributions are
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Note that B

II
321

reduces to the one-loop contribution to the power spectrum stemming from
the correlator h�

(3)

�

(1)

i, i.e. P

13

. Again, these integrals can be divergent just as in the case
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Figure 2: Tree-level and one-loop power spectrum.

where k = k

1

+ . . .kn�2

. For us it will turn out to be important that also for F

2

and
F

3

a similar scaling holds when the sum of the arguments remains finite while one of the
momenta goes to infinity, i.e.
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(2.20)

where we assumed that the momenta k

1

⇠ k

2

⇠ k are of the same order.

2.2 The bispectrum in SPT

Let us for the moment focus only on the SPT part of the equations of motion and postpone
a detailed discussion of the e↵ective stress tensor to Secs. 3 and 4. The two- and three-
point connected correlators of the stochastic field � are the quantities that we will consider
in this paper. In Fourier space, the power- and bispectrum are defined as
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Because of the �D-function, the bispectrum is not a function of three independent vectors.
We will usually drop the time argument of B and P and write B as a function of the three
moduli of the momenta B(k

1

, k

2

, k

3

). The linear power spectrum Plin is then nothing but
the two-point correlator of two �

(1)

and it can be represented diagrammatically by a simple
dot with two external lines as shown on the left in Fig. 2. The arrows show the direction
of the momenta. Since we are considering only the case of Gaussian initial conditions,
the correlator of three �

(1)

is zero. The first non-trivial contribution stems from the first
non-linear contribution to �
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, i.e. �
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, which gives us the tree-level bispectrum
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Plin(k; t) = [D+(t)]2 P0(k)

1-loopLinear

Diagrams
F2 F3F2



Asymptotic properties

Low-k behavior of 1-loop corrections:

1 Symbols for the fields
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Figure 1: SPT vertex.

In ⇤CDM, the growth factor of the n-th order solution has to be computed at every given
order using Eqs. (2.14) and (2.15). However, it is possible to write the n-th order growth
factor as the n-th power of D

1
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(k, a) = D

n
1

(a) �n(k) , ✓

(n)
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In the limit of ⌦m = 1, the above solution is exact, i.e. the n-th order solution scales exactly
as a

n. The approximation in (2.17) is valid at the 1% level of accuracy up to third order
as pointed out in Ref. [16].2 The momentum dependence is given in terms of a convolution
of powers of �

1
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(2.18)

where the symmetric kernel functions Fn and Gn are known and given e.g. in Ref. [1]. Note
that Fn and Gn only depend on ratios of the momenta. A diagrammatic representation
of SPT has been discussed in the literature. One usually represents the kernels Fn and
Gn as a vertex to which one can attach n external legs as is shown in Fig. 1. Note that
as opposed to the diagrammatic language of renormalized perturbation theory (RPT, see
Refs. [17–20]), we use already the time integrated kernels as vertices.3

For the following discussion, it is important to know how the kernels scale if one of
the momenta becomes very large. It was noted in Ref. [21] (see also Ref. [1]) that the
kernels obey scaling laws such as

lim
q!1

Fn(k
1

, . . . ,kn�2

, q, �q) / k

2

q

2

, (2.19)

2We checked that with the Green’s function of Eq. (2.15) the di↵erence between the (exact) second

order growth factor and D

1

(a)2 is at the ⇠ 0.1% level. However, replacing D� ⇡ D

�3/2

1

inside the Green’s
function increases this di↵erence to ⇠ 4% at late times.

3Note that in renormalized perturbation theory “renormalization” does not refer to the cancellation of
UV-divergences as in EFTofLSS but to a procedure to include higher order contributions in SPT.
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For fixed total sum k, Goroff et al. (’86)

Figure 5: The shapes of the tree-level and one-loop bispectrum divided by ⌃
0

are plotted
as a function of x
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2.3 UV-limit of the loop integrals

In the context of the EFTofLSS we are particularly interested in the UV-limit of the loop
integrals. Therefore, we will have a closer look at this regime before discussing in detail the
EFT contributions to the bispectrum. When the loop momentum becomes much larger
than the external momenta, we can expand the kernels according to the scaling laws in
Eq. (2.19). The resulting expressions give us a hint of how the contributions from the
e↵ective stress tensor should look like in order to cancel the possible divergences.

Let us first consider the UV-limit of the one-loop power spectrum (see also Ref. [6]).
Looking at the diagrams in Fig. 2, we can imagine that the momentum that runs inside
the loop becomes much larger than the external momentum. Since the vertices scale as
/ k

2

/q

2 in this limit (see Eq. (2.19)), we conclude that the two diagrams behave as P

22

/ k

4

and P

13

/ k

2. Including the correct numerical factors, in the UV-limit the two one-loop
integrals in Eq. (2.24) take the form
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where we defined the quantity �
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v ⌘ 1/3
R

q

Plin(q)/q2 as the UV-limit of this integral.
For the bispectrum, we follow exactly the same procedure as for the power spectrum

in order to get the UV-limits of the integrals in Eqs. (2.26), (2.27), (2.28) and (2.29). We
can again look at the one-loop diagrams in Fig. 3 and insert for every vertex a factor k

2

/q

2.
Assuming that all three external momenta are of the same order k ⇠ k

1

⇠ k

2

⇠ k

3

and
q � k, we get the rough scaling of
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UV sensitive terms
For higher-loops, 

P15, P17, P19, · · · become dominant at low-k and scale as k^2

Pn-loop(k) � P1(2n+1)(k)
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Blas et al. (’14)

;
k � qi

getting sensitive to large-q contribution 
for higher loop (n↗)

logarithmically divergent (q>>1)

2 · (2n + 1)!! Plin(k)
�

d3q1 · · · d3qn F2n+1(k, q1,�q1, · · · , qn,�qn)P1(2n+1)(k) =

� �Plin(q1) · · ·� Plin(qn)2 · (2n + 1)!! Plin(k)
�

d3q1 · · · d3qn F2n+1(k, q1,�q1, · · · , qn,�qn)



Loop corrections at z=0
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P13, P15, P17 give a major 
contribution
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Mitigating UV sensitivity

EFT 
approach

UV sensitivity is not a real physical effect 
needs to be cured for an improved prediction

For P(k) at 1-loop order,

This corresponds to adding at RHS of Euler eq.�c2
s� �

add counter terms to mitigate UV sensitivity

counter term to be added :

free parameter

�c2
s k2 Plin(k)

: ’sound velocity’cseffective pressure

may be interpreted as an outcome of small-scale physics



Power spectrum in EFT

with the finite part of the regularized two-loop calculation,
allows us to extend the 1% agreement range to
k ≈ 0.3 hMpc−1. Here we should stop for a minute and
reconsider the goal of this exercise. Usually one tries to fit
the nonlinear power spectrum as well as possible up to the
highest possible wave number. But actually this should
not be the goal of the fit with the deterministic part of the
EFT, which we are computing here. The nonlinear power
spectrum is the sum of this deterministic part and the
stochastic part. As we have pointed out in [31,32], this
stochastic term amounts to a percent of the total power at
k ¼ 0.25 hMpc−1 (and about 3% at k ¼ 0.3 hMpc−1). This
means that the deterministic part of the power spectrum
should deviate from the nonlinear power spectrum by at
least this much for k > 0.25 hMpc−1. The deterministic
EFT calculation (performed here) should asymptote to the
perturbative or deterministic part of the power spectrum
PPT ¼ Pnl − Pstoch and not to the nonlinear power spectrum
itself. Thus, we have slightly underfitted the c2s parameter
and overfitted the power. Once our EFT calculation is
failing, it predicts more power than the nonlinear power
spectrum (downturn in Fig. 10). This failure would have

1loop 1loop nw

1loop ir 1loop nw
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0.10 0.15 0.20 0.25 0.30
0.96

0.98

1.00

1.02

1.04

1.06

k h Mpc 1

P
P

re
f

FIG. 9 (color online). Effect of the IR resummation on the one-
and two-loop power spectra. We show the ratio of the power
spectra before and after IR resummation with respect to the
corresponding no-wiggle power spectrum in order to remove
broadband effects. Below k ¼ 0.2 hMpc−1 the bare two-loop
calculation agrees with the IR-resummed one-loop calculation at
the percent level. After IR resummation the wiggle part of the
one- and two-loop calculations agree, which tells us that the IR
resummation captured the relevant terms in the explicit two-loop
calculation correctly.
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FIG. 10 (color online). Ratio of the data to the various PT models at redshifts z ¼ 0, 0.5, 1, 2 from top left to bottom right. We show the
linear theory calculation (green dot-dashed line), the one-loop EFT (red solid line) and the two-loop calculation (blue dashed line). For
the EFT calculation we show results both before (thin line) and after IR resummation (thick line). The ratio is evaluated at the simulation
data points, and the two sigma errors on these data points are indicated by the gray band.
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Performance of improved PT

AT, Bernardeau, Nishimichi & Codis ('12)

poor convergence of standard PT expansion, since
the low-k behavior of regularized propagators heav-
ily relies on the standard PT treatment. To be spe-

cific, the convergence of !ð1Þ
reg is the main source of

this discrepancy. Indeed, if !ð1Þ
reg is computed at one-

loop order only, the power spectrum is enhanced, and
then N-body results at low k lie in between the two
predictions. The impact of the high-order PT correc-
tions to the two-point propagator are specifically
studied in a separate publication, [38].

(ii) Another discrepancy can be found in the high-z
results, which temporally overshoot the N-body
results at mid-k regime (k# 0:2–0:3h Mpc$1). It
is unlikely to be due to a poor convergence of
standard PT expansion. We rather think that the
performances of the N-body simulations might be
responsible for this (small) discrepancy. We have
tested several runs with different resolutions, and
found that the low-resolution simulation with a
small number of particles tends to underestimate
the power at high z. Possible reason for this comes
from the precision of force calculation around the
intervening scales, where the tree and particle-mesh
algorithms are switched, and we suspect that the
discrepancy is mainly attributed to the inaccuracy of

the tree algorithm. Though the intervening scale is
usually set at a sufficiently small scale, with a low-
resolution simulation, it may affect the large-scale
dynamics with noticeable effects at higher redshifts.
Systematic studies on the convergence and resolu-
tion of N-body simulations will be reported else-
where [42].

Apart from the tiny systematics at subpercent level,
REGPT approach can give a reliable power spectrum pre-
diction at rather wider range, which entirely covers the
relevant scales of BAOs at z * 0:35. As we will see later in
Sec. VI B, the applicable range of the REGPT calculation
remains wide enough even in other cosmological models,
and can be empirically described with the criterion (42).

C. Correlation function

We next consider the two-point correlation function,
which can be computed from the power spectrum as

!ðrÞ ¼
Z dkk2

2"2 PðkÞ sinðkrÞ
kr

: (29)

In Fig. 10, left panel focuses on the behaviors around the
baryon acoustic peak, while right panel shows the global
shape of the two-point correlation function plotted in loga-
rithmic scales, for which !ðrÞ has been multiplied by the

FIG. 9 (color online). Comparison of power spectrum results between N-body simulations and REGPT calculations. In each panel, the
results at z ¼ 3, 2, 1, and 0.35 are shown (from top to bottom). Left panel shows the ratio of power spectrum to the smooth linear
spectrum, PðkÞ=Pno$wiggleðkÞ, where the reference spectrum Pno$wiggleðkÞ is calculated from the no-wiggle formula of the linear

transfer function in Ref. [47]. Solid lines are the REGPT results, while dotted lines represent the linear theory predictions. Right panel
plots the difference between N-body and REGPT results normalized by the no-wiggle spectrum, i.e., ½PN$bodyðkÞ $
PRegPTðkÞ'=Pno$wiggleðkÞ. In each panel, the vertical arrows respectively indicate the maximum wavenumber below which a percent-

level agreement with N-body simulation is achieved with Lagrangian resummation theory [25,48] and closure theory [22,29],
including the PT corrections up to two-loop order.

TARUYA et al. PHYSICAL REVIEW D 86, 103528 (2012)

103528-10

cube of the separation. The REGPT results agree with
N-body simulations almost perfectly over the plotted
scales. As it is known, the impact of nonlinear clustering
on the baryon acoustic peak is significant: the peak position
becomes slightly shifted to a smaller scale, and the
structure of the peak tends to be smeared as the redshift
decreases (e.g., Refs. [24,25,49,50]). The REGPT calcula-
tion can describe not only the behavior around the baryon
acoustic peak but also the small-scale behavior of the
correlation function. Note that similar results are also
obtained from other improved PT treatments such as
closure and LRT. Although the REGPT predictions eventu-
ally deviate from simulations at small scales—the result
at z ¼ 0:35 indeed manifests the discrepancy below
r" 30h#1 Mpc—the actual range of agreement between
REGPT and N-body results is even wider than what is
naively expected from the power spectrum results. In
fact, it has been recently advocated by several authors
that with several improved PT treatments, the one-loop
calculation is sufficient to accurately describe the two-
point correlation function (e.g., Refs. [22,48,51]). We
have checked that the REGPT treatment at one-loop order
can give a satisfactory result close to the two-loop result,
and the prediction including the two-loop corrections only
slightly improves the agreement with N-body simulations
at small scales. This is good news for practical purposes in
the sense that we do not necessarily have to evaluate the
multidimensional integrals for the accurate prediction of
two-point correlation function in the weakly nonlinear
regime. Nevertheless, in this work, we keep the two-loop
contributions in the computed contributions. The computa-
tional costs of the two-loop order will be addressed in the
following with the development of a method for acceler-
ated PT calculation at two-loop order.

V. REGPT-FAST: ACCELERATED POWER
SPECTRUM CALCULATION

In this section, we present a method that allows accel-
erated calculations of the required diagrams of the two-
loop order REGPT prescription. In principle, the power
spectra calculations in the context of REGPT require multi-
dimensional integrations that cannot be done beforehand as
they fully depend on the linear power spectra. It is however
possible to obtain the required quantities much more
rapidly provided we know the answer for a close enough
model.
The key point in this approach is to utilize the fact that

the nonlinear REGPT power spectrum is a well-defined
functional form of the linear power spectrum. Each of
the diagrams that has to be computed is of quadratic, cubic,
etc. order with respect to the linear power spectrum with a
kernel that, although complicated, can be explicitly given.
It is then easy to Taylor-expand each of these terms with
respect to the linear power spectrum. In principle one then
just needs to prepare, in advance, a set of the REGPT results
for some fiducial cosmological models, and then take the
difference between fiducial and target initial power spectra
for which we want to calculate the nonlinear power spec-
trum. These differences involve only one-dimensional in-
tegrals at the first order in the Taylor expansion.
In the following, we present the detail of the implemen-

tation of this approach illustrating it with the one-loop
calculation case.

A. Power spectrum reconstruction from fiducial model

While our final goal is to present the fast PT calculation
at two-loop order, in order to get insights into the imple-
mentation of this calculation, we consider the power

FIG. 10 (color online). Comparison of two-point correlation function between N-body and REGPT results at z ¼ 3, 2, 1, and 0.35
(from bottom to top). In each panel, magenta solid, and black dotted lines represent the prediction from REGPT and linear theory
calculations, respectively. Left panel focuses on the behavior around baryon acoustic peak in linear scales, while right panel shows the
overall behavior in a wide range of separation in logarithmic scales. Note that in right panel, the resulting correlation function is
multiplied by the cube of the separation for illustrative purpose.
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Comments/Complaints
• The size of each counter term is unknown, and it needs to be 
calibrated with N-body simulations

(but, it generally depends on time & cosmology)

•  For bispectrum at 1-loop order, we generally need 3 types of 
counter terms, in addition to the one introduced in P(k)

(Baldauf et al. ’15a)

•  At 2-loop order,  counter terms for sub-leading corrections also 
need to be considered, increasing # of free parameters

cs � 1 h�1 Mpc

Physical origin or meaning of each counter term is unclear

e.g., 
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Massive neutrinos & LSS

• Signature of massive neutrinos is imprinted on large-scale structure 
via free-streaming suppression 

snowmass 
paper

• Weighing mass of neutrinos is fundamental issue in particle physics
(beyond standard model)

Planck Collaboration: Cosmological parameters
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Fig. 29. Samples from the Planck TT+lowP posterior in theP
m⌫–H0 plane, colour-coded by �8. Higher

P
m⌫ damps

the matter fluctuation amplitude �8, but also decreases H0
(grey bands show the direct measurement H0 = (70.6 ±
3.3) km s�1Mpc�1, Eq. 30). Solid black contours show the con-
straint from Planck TT+lowP+lensing (which mildly prefers
larger masses), and filled contours show the constraints from
Planck TT+lowP+lensing+BAO.

high multipoles produces a relatively small improvement to the
Planck TT+lowP+BAO constraint (and the improvement is even
smaller with the alternative CamSpec likelihood) so we consider
the TT results to be our most reliable constraints.

The constraint of Eq. (54b) is consistent with the 95 % limit
of
P

m⌫ < 0.23 eV reported in PCP13 for Planck+BAO. The
limits are similar because the linear CMB is insensitive to the
mass of neutrinos that are relativistic at recombination. There is
little to be gained from improved measurement of the CMB tem-
perature power spectra, though improved external data can help
to break the geometric degeneracy to higher precision. CMB
lensing can also provide additional information at lower red-
shifts, and future high-resolution CMB polarization measure-
ments that accurately reconstruct the lensing potential can probe
much smaller masses (see e.g. Abazajian et al. 2015b).

As discussed in detail in PCP13 and Sect. 5.1, the Planck
CMB power spectra prefer somewhat more lensing smoothing
than predicted in⇤CDM (allowing the lensing amplitude to vary
gives AL > 1 at just over 2�). The neutrino mass constraint
from the power spectra is therefore quite tight, since increas-
ing the neutrino mass lowers the predicted smoothing even fur-
ther compared to base ⇤CDM. On the other hand the lensing
reconstruction data, which directly probes the lensing power,
prefers lensing amplitudes slightly below (but consistent with)
the base ⇤CDM prediction (Eq. 18). The Planck+lensing con-
straint therefore pulls the constraints slightly away from zero to-
wards higher neutrino masses, as shown in Fig. 30. Although the
posterior has less weight at zero, the lensing data are incompati-
ble with very large neutrino masses so the Planck+lensing 95 %
limit is actually tighter than the Planck TT+lowP result:

X
m⌫ < 0.68 eV (95%,Planck TT+lowP+lensing). (55)

Fig. 30. Constraints on
P

m⌫ for various data combinations.

Adding the polarization spectra improves this constraint slightly
to
X

m⌫ < 0.59 eV (95%,Planck TT,TE,EE+lowP+lensing).
(56)

We take the combined constraint further including BAO, JLA,
and H0 (“ext”) as our best limit
X

m⌫ < 0.23 eV

⌦⌫h2 < 0.0025

9>>=
>>; 95%, Planck TT+lowP+lensing+ext.

(57)
This is slightly weaker than the constraint from Planck
TT,TE,EE+lowP+lensing+BAO, (which is tighter in both the
CamSpec and Plik likelihoods) but is immune to low level sys-
tematics that might a↵ect the constraints from the Planck polar-
ization spectra. Equation (57) is therefore a conservative limit.
Marginalizing over the range of neutrino masses, the Planck con-
straints on the late-time parameters are23

H0 = 67.7 ± 0.6

�8 = 0.810+0.015
�0.012

9>=
>; Planck TT+lowP+lensing+ext. (58)

For this restricted range of neutrino masses, the impact on the
other cosmological parameters is small and, in particular, low
values of �8 will remain in tension with the parameter space
preferred by Planck.

The constraint of Eq. (57) is weaker than the constraint of
Eq. (54b) excluding lensing, but there is no good reason to disre-
gard the Planck lensing information while retaining other astro-
physical data. The CMB lensing signal probes very-nearly lin-
ear scales and passes many consistency checks over the multi-
pole range used in the Planck lensing likelihood (see Sect. 5.1
and Planck Collaboration XV 2015). The situation with galaxy
weak lensing is rather di↵erent, as discussed in Sect. 5.5.2. In
addition to possible observational systematics, the weak lensing
data probe lower redshifts than CMB lensing, and smaller spa-
tial scales where uncertainties in modelling nonlinearities in the
matter power spectrum and baryonic feedback become impor-
tant (Harnois-Déraps et al. 2014).

23To simplify the displayed equations, H0 is given in units of
km s�1Mpc�1 in this section.

41

TT + lowP

TT + lowP + lensing

TT + lowP + lensing + BAO

Planck 2015 Precision LSS observation would be the key



Describing massive ν
Massive ν is fundamentally described by collisionless Boltzmann eq.

Remarks
• Co-existence of very hot & very cold (CDM) components

•Tiny amount of neutrinos :

JCAP11(2014)039

approximation schemes of the time-evolution and quantify errors due to linear approximations
for neutrinos, especially in view of the potentially spurious behaviour described above, and
(iii) to develop a framework that provides a suitable basis for computing higher non-linear
orders in the future. We present the set of two-fluid non-linear equations that we want to
solve in section 2. In section 3, we discuss analytic arguments to explain why this approach
is consistent, and free of unphysical divergence issues on large scales. In section 4, we
present numerical solutions and compare them with the results of other approaches. Section 5
contains our conclusions. The appendix contains an alternative formulation of the evolution
equations.

2 Two-fluid equations

In this section we set up the fluid description for the neutrino component and the time-flow
equations. As a first step, one has to establish to which extent a two-fluid scheme with an
e↵ective sound speed can approximate the full solution of the Boltzmann equation. This has
been studied in detail before in [38], where the fluid description has been applied throughout
the cosmological evolution. It was found that this scheme is accurate at the level of about
10% for the neutrino density and velocity. Since we are interested in a higher precision, this
may indicate that it is not appropriate to neglect higher moments of the neutrino distribution
function. Actually, some more precise approximations involving one more moment have also
been studied in details in [38, 39, 42]. They amount in describing neutrinos as an imperfect
fluid with an e↵ective viscosity coe�cient.

However, in our context, it is important to realise that non-linear e↵ects become im-
portant only at low redshift z . 10, while the higher moments of the neutrino distribution
are suppressed for z < z

nr

⇠ 102 by powers of T

⌫

/m

⌫

. Therefore, we use a hybrid scheme
based on the full Boltzmann solution at high redshift, and on a two-perfect-fluid scheme that
includes an e↵ective pressure term for the neutrino component at low redshift. The match-
ing can be done at some redshift in the range 10 ⌧ zmatch ⌧ z

nr

. We used zmatch = 25. It
turns out that this scheme is su�ciently accurate for our purposes (about 0.1%(1%) for the
CDM(⌫) component at k = 0.1 h/Mpc, see section 4). In the following we discuss the fluid
scheme we use at small redshift for computing non-linear corrections.

2.1 Two-fluid non-linear equations

For each neutrino eigenstate i, the non-relativistic transition takes place when the mean
neutrino energy becomes smaller than the neutrino mass, at a redshift given by [3, 38]

1 + z

nr,i

' 1890
m

⌫,i

1 eV
. (2.1)

For z ⌧ z

nr,i

, the fraction of the total matter energy density in the form of neutrinos becomes
constant,

f

⌫

⌘ ⌦
⌫

⌦
m

=
1

⌦0
m

h

2

P
i

m

⌫,i

93.14 eV
, (2.2)

where ⌦0
m

⌘ ⌦
m

(z = 0) is the total matter density today in units of the critical density. The
total density contrast is given by

� = f

⌫

�

⌫

+ (1 � f

⌫

)�
cb

, (2.3)

where �

i

= �⇢

i

/⇢

i

, and �

cb

corresponds to the sum of baryons and CDM.

– 3 –

evolution of the perturbed phase-space distribution func-
tion of massive neutrinos exactly and compare the exact
results to the results with the fluid approximation, i.e.,
solutions with the higher multipole moments (l ! 3)
ignored. Then, we shall examine the ranges of applicability
of fluid approximation in both spatial and time scales, as a
function of neutrino masses.

The rest of this paper is organized as follows. In Sec. II,
we briefly review the effects of massive neutrino free-
streaming on the structure formation of the universe. In
Sec. III, we provide the basic fluid equations and the
linearized Boltzmann equation required for our theoretical
flame work. In Sec. IV, we briefly discuss the analytic
solutions of the Boltzmann equation for collisionless par-
ticles. In Sec. V, we compare the exact solutions of the
Boltzmann equations with the fluid approximation, and
discuss the range of validity of the fluid approximation
for several masses of massive neutrino. Finally, in Sec. VI,
we discuss the implications of our results and conclude. In
Appendix A, we discuss how to define the free-streaming
scale starting from the fluid equations. In Appendix B, we
give the detailed derivation of the exact solution of the
Boltzmann equation both for massless and massive neu-
trinos. Even though our main interest is in massive neu-
trinos, our results shown here are also applicable to
collisionless particles in general, whose time evolution of
the perturbed phase-space distribution follows the linear-
ized collisionless Boltzmann equation with the zero-th
order phase-space distribution function being frozen at
sufficiently early time (i.e., we set the initial conditions
of the neutrino transfer function after the decoupling of
neutrino, "1 MeV).

II. THE FREE-STREAMING OF THE MASSIVE
NEUTRINO

We are interested in the mass range of 0:05<m!;i <
0:58 eV for the most massive species of neutrinos, which
became nonrelativistic well after the matter radiation
equality. The mass density of the massive neutrinos relative
to the total matter density is given by

f! # !!h
2

!mh
2 ¼

1

!mh
2

P
i
m!;i

94:1 eV
; (5)

where the summation is taken over the different species of
neutrinos. Neutrinos become nonrelativistic when the
mean energy per particle of neutrinos in the relativistic
limit,

hEi #
R
d3ppðexp½p=T!ðzÞ( þ 1Þ*1

R
d3pðexp½p=T!ðzÞ( þ 1Þ*1 ¼ 7"4

180#ð3ÞT!

’ 3:15T!; (6)

falls below m!;i. By solving 3:15T!;0ð1þ znrÞ ¼ m!;i, one
finds the redshift of relativistic to nonrelativistic transition

epoch znr as

1þ znr;i ’ 1890
!
m!;i

1 eV

"
; (7)

for the ith neutrino species.
The density fluctuation of neutrinos cannot grow within

the horizon size until neutrinos become nonrelativistic.
Once neutrinos become nonrelativistic, the neutrino den-
sity fluctuation begins to grow on scale greater than the so
called ‘‘free-streaming scale,’’ which is set by the velocity
dispersion of neutrinos:

$2
!;iðzÞ #

R
d3pp2=m2

!;iðexp½p=T!ðzÞ( þ 1Þ*1

R
d3pðexp½p=T!ðzÞ( þ 1Þ*1

¼ 15#ð5Þ
#ð3Þ

!
4

11

"
2=3 T2

%;0ð1þ zÞ2
m2

!;i

; (8)

where p is the proper momentum of the massive neutrino
(see Appendix of [41]).
The wave number corresponding to the free-streaming

scale kFS is defined by the single-fluid continuity and Euler
equations:

_&ðk; 'Þ þ (ðk; 'Þ ¼ 0 (9)

_(ðk;'ÞþH ð'Þ(ðk;'Þþ½32H 2ð'Þ*k2c2sð'Þ(&ðk;'Þ¼ 0;

(10)

where1

kFS;iðzÞ #
ffiffiffi
3

2

s
H ðzÞ
csðzÞ

’
ffiffiffi
3

2

s
H ðzÞ
$!;iðzÞ

’ 0:677

ð1þ zÞ2
!
m!;i

1 eV

"
½!mð1þ zÞ3

þ!"(1=2h Mpc*1: (11)

Here, derivatives are with respect to a conformal time,

d' ¼ dt=a, H ð'Þ # _að'Þ
að'Þ , and (ðk; 'Þ is a velocity diver-

gence of the fluid. Note that Eq. (8) assumes that neutrinos
are nonrelativistic.
In Fig. 1, we show kFS;i from Eq. (11) (dotted line),

comoving horizon scale, aHðaÞ, (thick solid line) and kFS;i
calculated numerically from Eq. (8), wherem!;i is replaced

by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

!;i

q
(thin solid line). In this figure, we use

m!;i ¼ 0:13 eV.
We find that the free-streaming scale is close to the

horizon size until the relativistic to nonrelativistic transi-

1Here, we say cs ’ $!;i; however, strictly speaking, the ve-
locity dispersion defined in Eq. (8) should not be used to define
the free-streaming scale, kFS, as the Euler equation contains
sound speed, c2s # &P

&) , not the velocity dispersion. In the non-
relativistic limit, we have cs ¼

ffiffi
5

p
3 $!;i ’ 0:745$!;i. We derive

this relation in Appendix A.
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� 0.02 for
�

i

m�,i < 0.3 eV

different dynamic range in phase-space

How well we can approximately but accurately 
describe structure formation with massive ν ?

… but this is difficult



Numerical and analytic approaches

- Linear Boltzmann e.g., Saito, Takada & Taruya (’08), Wong (’08)

- Single-fluid with pressure e.g., Shoji & Komatsu (’09), Blas et al. (’14)

- Collection of single-stream flow Dupuy & Bernardeau (’14)

- N-body particles

- Linear Boltzmann on grids

- Fluid with pressure by SPH

Simulation

e.g., Brandbyge et al. (’08),  Viel et al. (’10), …

e.g., Brandbyge & Hannestad (’09)

Hannestad,  Haugbølle, Schultz (‘12)

Perturbation theory

Banerjee & Dalal (’16)- Hybrid (particles and fluid)



Validity of fluid treatment
To what extent massive ν is described by fluid ?

In linear theory, 

fluid treatment is shown to be a good approx. (at sub-percent)

Shoji & Komatsu (’10)

in non-relativistic regime for
�

m� � 0.05 eV at k � 1 h Mpc�1

• Gravitational clustering is followed by formation of  CDM halos

• Massive ν would be clustered around CDM halos

Can we accurately predict amount of clustered massive ν ?

Beyond linear regime, 



Setup
• CDM halo described by NFW profile

• Ignoring self-gravity of massive ν,  

• Initially homogeneous Fermi-Dirac dist.

solving time evolution of neutrino clustering in two ways :

✓ Collisionless Boltzmann eq.

✓Fluid equations

fFD(p) � 1
1 + epc/(kBT� )

p = m� v

�halo(r) �
1

(r/rs)(1 + r/rs)2



Solving collisionless Boltzmann eq.
‘N-one body approach’ (Ringwald & Wong ’04)

ray-tracing simulation with non-relativistic massive particles�

• Backward approach is less costly calculation:

Liouville theorem implies

f [�x(tfinal),�v(tfinal)] = f [�x(tinit),�v(tinit)]
distribution 

function

same particle’s trajectory but with different time

= Fermi-Dirac 
distribution

phase space

initial

phase space
backward in time

final

•Using many backward trajectories, 

��(r; tfin) =
�

i

fFD

�
�vi(tinit)

�
wi(tfin)

phase-space volume 
given at radius r & tfinal



Fluid treatment
Solve moment eqs. under spherical symmetry:

���

�t
+

1
a
�

�
(1 + ��)�v

�
= 0

NFW halo

�1
a

1
��(1 + ��)

�P�
��v

�t
+ H �v +

1
a
(�v ·�)�v = �1

a
��ext

Effective pressure

�P� � �� c2
s���

with cs(z) �
�

5
9

��(z) �
�

15�(5)
�(3)

�1/2 T�(z)
m�

in units of c

Shoji & Komatsu (’10)

T� � m�(valid for            )

Start simulation with homogeneous distribution



Results: density profile
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Results: clustered mass of ν　

Fluid treatment generally underestimates the clustered mass 
by factor of 2~3

109

1010

1011

1012

1012 1013 1014

m� = 0.15eV

Mhalo [h�1M�]

M
�
[h
�

1
M
�

]

Fluid

Vlasov

Estimated
 at 5 rvir

m� = 0.3 eV

m� = 0.15 eV

Constant halo 
mass with zinit = 3

z=0

Hiramatsu, Ohishi & AT (in prep)

Trend is the same even if 
mass accretion history is 

taken into account 



Phase-space structure
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Fluid treatment starts to break down at the multi-stream region
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Phase-space structure
From Vlasov simulation

Structure of multi-stream flow looks the same with different m�

vr

c m� = 0.3eV m� = 0.15eV

Mhalo = 0.7 � 1013h�1M�
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Neutrino’s splashback radius

good indicator for the boundary where 
fluid treatment start to be broken down

• Roughly insensitive to mass of neutrinos

• Larger than viral radius of CDM halo

• Trend can be qualitatively explained 
by zero-AM orbits rvir

: Location of outermost caustic r�,sp
r�,sp

r �
,s

p

Hiramatsu, Ohishi & AT (in prep)



Summary
Validity of fluid treatment of massive neutrinos in cosmology

Clustering of neutrinos around a CDM halo :

•A simple fluid treatment is invalid and is broken down 
when the multi-stream flow appears

•Neutrino’s splashback radius is the boundary

Actual impact of neutrino’s multi-stream flow ?

underestimate clustering ν’s mass by factor of 2-3

precision large-scale structure calculations (simulation)


