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Crisis in perturbation theory ?!
Perturbation theory (PT) of large-scale structure as a tool for 

precision cosmology is now getting in trouble

•  Higher-order mode-coupling gets a larger UV contribution

•  In simulation,  actual UV contribution is suppressed
Blas, Garny & Konstandin (’14), Bernardeau, AT & Nishimichi (’14)

Nishimichi, Bernardeau & AT (’14, ’16 in prep.)

Single-stream approximation 
of Vlasov-Poisson system

However !

f(x, v; t)� �(t) {1 + �(x; t)} �D (v � v(x; t))
Phase-space distribution function

f(x, v; t)� �(t) {1 + �(x; t)} �D (v � v(x; t))
� = �(1) + �(2) + · · ·

Taka’s 
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UV problem
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Figure 2. Comparison at redshifts z = {0, 0.375, 0.833, 1.75} of SPT up to one loop (black dashed
lines), two loops (black dot-dashed) and three loops (black diamonds) with N-body results of the
Horizon Run 2 [28] (red dots, see appendix C). The black line corresponds to the linear result. We
also show the results of Padé resummation (same styles as for SPT but in blue, see section 4); at
z = 0 the blue and black dashed line lie on top of each other.
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Figure 3. Same as figure 2 for redshifts z = {2.67, 4.5}

This is not obvious for other approaches, as the Zel’dovich approximation (ZA). For the
latter, the structure of the F

n

kernels di↵ers from the SPT dynamics at low-k, and di↵erent
contributions at higher loop order are suppressed by additional factors of the momentum

– 9 –

N-body simulations

N-body simulations

Standard PT 3-loop

Standard PT 1-loop
Standard PT 2-loop

1-loop (next-to-leading order)

2-loop (next-to-next-to-leading order)

3-loop (next-to-next-to-next-to-leading- order)

Too large !!

Blas et al. (’14)

RegGp−loop
aþ ðkÞ ¼

Z
dq
q
Kp−loop

aþ ðk; qÞP0ðqÞ: (76)

We then have, for instance,

K1-loop
1þ ðk; qÞ ¼ 4πq3

!
fðq; kÞ þ 1

6

k2

q2

"
; (77)

K2−loop
1þ ðk;qÞ ¼−ð4πÞ2q3

Z
dq1

q21k
2

q21þq2
αf

!
q1
k
;
q
k

"
P0ðq1Þ:

(78)

Note that the kernel functions depend themselves a priori
on the initial power spectrum: K1−loop

aþ ðk; qÞ is a tree-order
object,K2-loop

aþ ðk; qÞ a one-loop order object (and therefore a
linear function of P0ðqÞ), etc. These functions give, for
each order, the impact of a linear mode q on the amplitude
of the late-time mode k we are interested in. In particular it
tells how the small-scale modes affect the large-scale
modes under consideration. In the following we will focus
our interest in understanding the high-q behavior of the ker-
nel functions Kðk; qÞ.
In Fig. 11 we show the shape of the kernel functions at

one, two-loop and three-loop order for k ¼ 0.1 h=Mpc.
The dashed line corresponds to the one-loop expression.
As can be seen it is rather peaked at q ≈ k and we have

K1-loop
1þ ðk; qÞP0ðqÞ ¼

464π
315

q3P0ðqÞ for q ≪ k (79)

K1-loop
1þ ðk; qÞP0ðqÞ ¼

176π
315

k2qPðqÞ for q ≫ k (80)

At two-loop order, the behaviors are qualitatively different.
The function peaks rather for q ¼ 0.5 h=Mpc, irrespective
of the value for k (when k < 0.5 h=Mpc). We note that

K2-loop
1þ ðk; qÞP0ðqÞ ∼ k2q2P0ðqÞ for q ≫ k (81)

so that the convergence is obtained for a spectral index
smaller than −2. This corresponds to the result mentioned
in the beginning of Sec. III D. These trends are amplified
for the three-loop results shown with a dot-dashed line for
which an even lower power law index is required for con-
vergence. In general the convergence properties of the mul-
tiloop kernel are determined by the properties of the
functions FnðqiÞ and GnðqiÞ and how they behave when
one of their argument is, in norm, much larger than the
sum of the wave modes. As mentioned in [36] it is to
be noted that the Galilean invariance of the motion equation
implies that

Fnðq1;…;qnÞ ∼
j
P

jqjj2

q2i
when qi ≫

####
X

j

qj

####; (82)

whenever one of the qi is much larger than the sum. This
can be seen at an elementary level on the properties of
the vertex function αðk1;k2Þ and βðk1;k2Þ: they both van-
ish when the sum of the argument goes to 0. The property
(82) has direct consequences on the properties of the loop
corrections. As a result, the p-loop correction takes indeed
the form

FIG. 10 (color online). Regular parts of the density propagator
RegGp−loop

1þ ðkÞ at one-, two-, and three-loop order with, respec-
tively, solid, dashed, and dotted lines. The calculations are done
for z ¼ 0.5. Note that each of this contribution scales with the
redshift like DþðzÞ2p where p is the number of loops. The light
yellow regions show the parameter space where the induced cor-
rections to the power spectrum are less than 1 percent.

FIG. 11 (color online). The shape of the kernel functions
P0ðqÞK1-loopðk; qÞ (blue solid line), P0ðqÞK2-loopðk; qÞ (green
dashed line) for k ¼ 0.1 h=Mpc and P0ðqÞK3-loopðk; qÞ (red dot-
ted line) as a function of q for z ¼ 0.5.

COSMIC PROPAGATORS AT TWO-LOOP ORDER PHYSICAL REVIEW D 89, 023502 (2014)

023502-15

Bernardeau, AT & Nishimichi (’14)

Pn-loop(k) �
�

d ln q Kn-loop(k, q) P0(q)

A large UV 
contribution !!

When we go to 3-loop (next-to-next-to-next-to-leading order), 
we eventually get a very big correction !!



What’s wrong ?
“UV-sensitive” behavior in PT indicates that single-stream PT 

cannot properly deal with small-scale physics

Break down of single-stream PT

•EFT approach to remove the UV sensitivity in single-stream PT

But, what more ?

Baumann et al. (’12), Carrasco, Herzberg & 
Senatore (’12), Carrasco et al. (‘13ab), …

What should we do ?

•Full-numerical approach with N-body simulations
Lawrence et al. (’10), Heitmann et al. (’14), …

(e.g., formation/merging of halos)



Beyond single-stream PT

•A perturbative description of multi-steam flow

Is there a way to go beyond single-stream approximation ?

Multi-stream 
dynamics

•A simple recipe to ‘regularize’ impact of multi-stream dynamics

Key 
ingredient

http://www.vlasix.org/index.php?n=Main.ColDICE

x

y
vx

vy is color coded

Learn something in simple 1D cosmology

2D collapse

Aim of this work



1D Zel’dovich solution

Exact 
solution
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Then, Eqs. (7)–(9) are rewritten with

dx
dτ

= v, (13)

dv
dτ

= −∇xΦ, (14)

∇2
xΦ = 4πGρm a4 δ =

3
2

Ωm,0H
2
0 a δ, (15)

With the new expressions above, the solution is formally
written as:

x(q; τ) = x(q; τ0) +

Z τ

τ0

dτ ′ v(q; τ ′), (16)

v(q; τ) = v(q; τ0) −
Z τ

τ0

dτ ′ ∇xΦ(x(q; τ ′); τ ′), (17)

where the x(q; τ0) and v(q; τ0) are the initial condition given
at an initial time τ0, which will be specified below.

In what follows, we consider the dynamics of the cosmo-
logical system given above in a finite-size box of 0 ≤ x ≤ L,
imposing the periodic boundary condition. From Eq. (15),
the potential Φ satisfying the periodic boundary condition
is expressed in an integral form as:

Φ(x) =
3
2

Ωm,0H
2
0 a

×
Z L

0

dx′

"
−L

2

(„
|x − x′|

L
− 1

2

«2

− 1
12

)#
δ(x′). (18)

The derivation of this integral expression is presented in Ap-
pendix A. Then, the force exerted on a mass element at the
position x is given by:

F (x) ≡ −∇xΦ(x)

= −3
2

Ωm,0H
2
0 a
hZ L

0

dx′ δ(x
′)

2

˘
Θ(x − x′) − Θ(x′ − x)

¯

+
1
L

Z L

0

dx′ x′ δ(x′)
i
, (19)

where the function Θ(x) represents the Heaviside step func-
tion. In the above, we used the fact that the fluctuation aver-
aged over the space becomes vanishing, i.e.,

R L

0
dx′ δ(x′) =

0. Taking the limit L → ∞, the above expression recovers
the well-known result in the case with the infinite space.

2.2 Initial condition and pre-collapse dynamics

In one-dimensional case, the so-called Zel’dovich approxima-
tion gives an exact solution for the dynamics of mass sheet
before shell-crossing. The Zel’dovich solution also provides
a natural basis for the cold initial condition. The solution is
given by

x(q; τ) = q + ψ(q) D+(τ), v(q; τ) = ψ(q)
dD+(τ)

dτ
. (20)

Here, the function D+ is the linear growth factor satisfying
the following equation:
»

d2

dτ2
− 3

2
Ωm,0H

2
0 a(τ)

–
D+(τ) = 0. (21)

Note that in terms of the cosmic time t, Eq. (21) is reduced
to the standard form of the linear evolution equation:
»

d2

dt2
+ 2H(t)

d
dt

− 3
2

Ωm,0H
2
0

a3(t)

–
D+(t) = 0. (22)

The Zel’dovich solution in Eq. (20) contains an arbitrary
function called displacement field, ψ(q), which is related
to the linear density field δL(q) given at a very early time
(τini → −∞ or tini → 0):

dψ(q)
dq

D+(τini) = −δL(q; τini) = −δL(q) D+(τini) (23)

Since the Zel’dovich solution is exact before the shell-
crossing, we do not necessarily assume that the evolved den-
sity field δ(x) is small. One may thus consider the situa-
tion that at the region around a Lagrangian coordinate q0,
the density field becomes large, and the region will undergo
the shell-crossing at the time τ0. The conditions for shell-
crossing are generally described by1

∂x
∂q

˛̨
˛̨
q0

= 0,
∂2x
∂q2

˛̨
˛̨
q0

= 0,
∂3x
∂q3

˛̨
˛̨
q0

> 0. (24)

Denoting the time of shell-crossing by τ0, we may expand the
solution (20) at τ0 around the shell-crossing region below:

x(q; τ0) ≃ q0 + ψ(q0)D+(τ0) +

ȷ
1 +

dψ(q0)
dq0

D+(τ0)

ff
(q − q0)

+
X

n=2

1
n!

dnψ(q0)
dqn

0

D+(τ0) (q − q0)
n. (25)

Using Eq. (23), the conditions for shell-crossing [Eq. (24)]
imply that

δL(q0) =
1

D+(τ0)
,

dδL(q)
dq

˛̨
˛̨
q0

= 0,
d2δL(q)

dq2

˛̨
˛̨
q0

< 0. (26)

That is, the region where the shell-crossing takes place cor-
responds to the local density peak, and the conditions for
the shell-crossing are equivalent to the peak constraints.

3 PERTURBATIVE TREATMENT OF
POST-COLLAPSE DYNAMICS

We are interested in the dynamics of mass sheet after the
shell-crossing, when the Zel’dovich solution is no longer valid
and the dynamics is governed by the the multi-stream flow.
In this section, extending the work by Colombi (2015), we
develop the perturbative calculations to deal with the multi-
stream motion around the shell-crossing.

3.1 Post-collapse perturbation theory

The basic formalism to treat post-collapse dynamics is as
follows. Starting with the cold initial conditions in Sec. 2.2,
we first follow the pre-collapse dynamics with the exact
Zel’dovich solution. Then, at the regions undergoing the
shell-crossing, we switch to a perturbative treatment, and
compute the backreaction to the Zel’dovich flow, based on
an explicit functional form of the displacement field around
the shell-crossing region. To be precise, we compute the force
exerted at each position, extrapolating the Zel’dovich flow
from Eq. (19). Integrating the force over the time, we ob-
tain the correction of the velocity to the Zel’dovich motion
from Eq. (16). Further integrating the corrected velocity over

1 The shell-crossing point is the inflection point for the mapping
from Lagrangian to Eulerian frame.

MNRAS 000, 1–21 (2015)
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Then, Eqs. (7)–(9) are rewritten with

dx
dτ

= v, (13)

dv
dτ

= −∇xΦ, (14)

∇2
xΦ = 4πGρm a4 δ =

3
2

Ωm,0H
2
0 a δ, (15)

With the new expressions above, the solution is formally
written as:

x(q; τ) = x(q; τ0) +

Z τ

τ0

dτ ′ v(q; τ ′), (16)

v(q; τ) = v(q; τ0) −
Z τ

τ0

dτ ′ ∇xΦ(x(q; τ ′); τ ′), (17)

where the x(q; τ0) and v(q; τ0) are the initial condition given
at an initial time τ0, which will be specified below.

In what follows, we consider the dynamics of the cosmo-
logical system given above in a finite-size box of 0 ≤ x ≤ L,
imposing the periodic boundary condition. From Eq. (15),
the potential Φ satisfying the periodic boundary condition
is expressed in an integral form as:

Φ(x) =
3
2

Ωm,0H
2
0 a

×
Z L

0

dx′

"
−L

2

(„
|x − x′|

L
− 1

2

«2

− 1
12

)#
δ(x′). (18)

The derivation of this integral expression is presented in Ap-
pendix A. Then, the force exerted on a mass element at the
position x is given by:

F (x) ≡ −∇xΦ(x)

= −3
2

Ωm,0H
2
0 a
hZ L

0

dx′ δ(x
′)

2

˘
Θ(x − x′) − Θ(x′ − x)

¯

+
1
L

Z L

0

dx′ x′ δ(x′)
i
, (19)

where the function Θ(x) represents the Heaviside step func-
tion. In the above, we used the fact that the fluctuation aver-
aged over the space becomes vanishing, i.e.,

R L

0
dx′ δ(x′) =

0. Taking the limit L → ∞, the above expression recovers
the well-known result in the case with the infinite space.

2.2 Initial condition and pre-collapse dynamics

In one-dimensional case, the so-called Zel’dovich approxima-
tion gives an exact solution for the dynamics of mass sheet
before shell-crossing. The Zel’dovich solution also provides
a natural basis for the cold initial condition. The solution is
given by

x(q; τ) = q + ψ(q) D+(τ), v(q; τ) = ψ(q)
dD+(τ)

dτ
. (20)

Here, the function D+ is the linear growth factor satisfying
the following equation:
»

d2

dτ2
− 3

2
Ωm,0H

2
0 a(τ)

–
D+(τ) = 0. (21)

Note that in terms of the cosmic time t, Eq. (21) is reduced
to the standard form of the linear evolution equation:
»

d2

dt2
+ 2H(t)

d
dt

− 3
2

Ωm,0H
2
0

a3(t)

–
D+(t) = 0. (22)

The Zel’dovich solution in Eq. (20) contains an arbitrary
function called displacement field, ψ(q), which is related
to the linear density field δL(q) given at a very early time
(τini → −∞ or tini → 0):

dψ(q)
dq

D+(τini) = −δL(q; τini) = −δL(q) D+(τini) (23)

Since the Zel’dovich solution is exact before the shell-
crossing, we do not necessarily assume that the evolved den-
sity field δ(x) is small. One may thus consider the situa-
tion that at the region around a Lagrangian coordinate q0,
the density field becomes large, and the region will undergo
the shell-crossing at the time τ0. The conditions for shell-
crossing are generally described by1

∂x
∂q

˛̨
˛̨
q0

= 0,
∂2x
∂q2

˛̨
˛̨
q0

= 0,
∂3x
∂q3

˛̨
˛̨
q0

> 0. (24)

Denoting the time of shell-crossing by τ0, we may expand the
solution (20) at τ0 around the shell-crossing region below:

x(q; τ0) ≃ q0 + ψ(q0)D+(τ0) +

ȷ
1 +

dψ(q0)
dq0

D+(τ0)

ff
(q − q0)

+
X

n=2

1
n!

dnψ(q0)
dqn

0

D+(τ0) (q − q0)
n. (25)

Using Eq. (23), the conditions for shell-crossing [Eq. (24)]
imply that

δL(q0) =
1

D+(τ0)
,

dδL(q)
dq

˛̨
˛̨
q0

= 0,
d2δL(q)

dq2

˛̨
˛̨
q0

< 0. (26)

That is, the region where the shell-crossing takes place cor-
responds to the local density peak, and the conditions for
the shell-crossing are equivalent to the peak constraints.

3 PERTURBATIVE TREATMENT OF
POST-COLLAPSE DYNAMICS

We are interested in the dynamics of mass sheet after the
shell-crossing, when the Zel’dovich solution is no longer valid
and the dynamics is governed by the the multi-stream flow.
In this section, extending the work by Colombi (2015), we
develop the perturbative calculations to deal with the multi-
stream motion around the shell-crossing.

3.1 Post-collapse perturbation theory

The basic formalism to treat post-collapse dynamics is as
follows. Starting with the cold initial conditions in Sec. 2.2,
we first follow the pre-collapse dynamics with the exact
Zel’dovich solution. Then, at the regions undergoing the
shell-crossing, we switch to a perturbative treatment, and
compute the backreaction to the Zel’dovich flow, based on
an explicit functional form of the displacement field around
the shell-crossing region. To be precise, we compute the force
exerted at each position, extrapolating the Zel’dovich flow
from Eq. (19). Integrating the force over the time, we ob-
tain the correction of the velocity to the Zel’dovich motion
from Eq. (16). Further integrating the corrected velocity over

1 The shell-crossing point is the inflection point for the mapping
from Lagrangian to Eulerian frame.

MNRAS 000, 1–21 (2015)
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Then, Eqs. (7)–(9) are rewritten with

dx
dτ

= v, (13)

dv
dτ

= −∇xΦ, (14)

∇2
xΦ = 4πGρm a4 δ =

3
2

Ωm,0H
2
0 a δ, (15)

With the new expressions above, the solution is formally
written as:

x(q; τ) = x(q; τ0) +

Z τ

τ0

dτ ′ v(q; τ ′), (16)

v(q; τ) = v(q; τ0) −
Z τ

τ0

dτ ′ ∇xΦ(x(q; τ ′); τ ′), (17)

where the x(q; τ0) and v(q; τ0) are the initial condition given
at an initial time τ0, which will be specified below.

In what follows, we consider the dynamics of the cosmo-
logical system given above in a finite-size box of 0 ≤ x ≤ L,
imposing the periodic boundary condition. From Eq. (15),
the potential Φ satisfying the periodic boundary condition
is expressed in an integral form as:

Φ(x) =
3
2

Ωm,0H
2
0 a

×
Z L

0

dx′

"
−L

2

(„
|x − x′|

L
− 1

2

«2

− 1
12

)#
δ(x′). (18)

The derivation of this integral expression is presented in Ap-
pendix A. Then, the force exerted on a mass element at the
position x is given by:

F (x) ≡ −∇xΦ(x)

= −3
2

Ωm,0H
2
0 a
hZ L

0

dx′ δ(x
′)

2

˘
Θ(x − x′) − Θ(x′ − x)

¯

+
1
L

Z L

0

dx′ x′ δ(x′)
i
, (19)

where the function Θ(x) represents the Heaviside step func-
tion. In the above, we used the fact that the fluctuation aver-
aged over the space becomes vanishing, i.e.,

R L

0
dx′ δ(x′) =

0. Taking the limit L → ∞, the above expression recovers
the well-known result in the case with the infinite space.

2.2 Initial condition and pre-collapse dynamics

In one-dimensional case, the so-called Zel’dovich approxima-
tion gives an exact solution for the dynamics of mass sheet
before shell-crossing. The Zel’dovich solution also provides
a natural basis for the cold initial condition. The solution is
given by

x(q; τ) = q + ψ(q) D+(τ), v(q; τ) = ψ(q)
dD+(τ)

dτ
. (20)

Here, the function D+ is the linear growth factor satisfying
the following equation:
»

d2

dτ2
− 3

2
Ωm,0H

2
0 a(τ)

–
D+(τ) = 0. (21)

Note that in terms of the cosmic time t, Eq. (21) is reduced
to the standard form of the linear evolution equation:
»

d2

dt2
+ 2H(t)

d
dt

− 3
2

Ωm,0H
2
0

a3(t)

–
D+(t) = 0. (22)

The Zel’dovich solution in Eq. (20) contains an arbitrary
function called displacement field, ψ(q), which is related
to the linear density field δL(q) given at a very early time
(τini → −∞ or tini → 0):

dψ(q)
dq

D+(τini) = −δL(q; τini) = −δL(q) D+(τini) (23)

Since the Zel’dovich solution is exact before the shell-
crossing, we do not necessarily assume that the evolved den-
sity field δ(x) is small. One may thus consider the situa-
tion that at the region around a Lagrangian coordinate q0,
the density field becomes large, and the region will undergo
the shell-crossing at the time τ0. The conditions for shell-
crossing are generally described by1

∂x
∂q

˛̨
˛̨
q0

= 0,
∂2x
∂q2

˛̨
˛̨
q0

= 0,
∂3x
∂q3

˛̨
˛̨
q0

> 0. (24)

Denoting the time of shell-crossing by τ0, we may expand the
solution (20) at τ0 around the shell-crossing region below:

x(q; τ0) ≃ q0 + ψ(q0)D+(τ0) +

ȷ
1 +

dψ(q0)
dq0

D+(τ0)

ff
(q − q0)

+
X

n=2

1
n!

dnψ(q0)
dqn

0

D+(τ0) (q − q0)
n. (25)

Using Eq. (23), the conditions for shell-crossing [Eq. (24)]
imply that

δL(q0) =
1

D+(τ0)
,

dδL(q)
dq

˛̨
˛̨
q0

= 0,
d2δL(q)

dq2

˛̨
˛̨
q0

< 0. (26)

That is, the region where the shell-crossing takes place cor-
responds to the local density peak, and the conditions for
the shell-crossing are equivalent to the peak constraints.

3 PERTURBATIVE TREATMENT OF
POST-COLLAPSE DYNAMICS

We are interested in the dynamics of mass sheet after the
shell-crossing, when the Zel’dovich solution is no longer valid
and the dynamics is governed by the the multi-stream flow.
In this section, extending the work by Colombi (2015), we
develop the perturbative calculations to deal with the multi-
stream motion around the shell-crossing.

3.1 Post-collapse perturbation theory

The basic formalism to treat post-collapse dynamics is as
follows. Starting with the cold initial conditions in Sec. 2.2,
we first follow the pre-collapse dynamics with the exact
Zel’dovich solution. Then, at the regions undergoing the
shell-crossing, we switch to a perturbative treatment, and
compute the backreaction to the Zel’dovich flow, based on
an explicit functional form of the displacement field around
the shell-crossing region. To be precise, we compute the force
exerted at each position, extrapolating the Zel’dovich flow
from Eq. (19). Integrating the force over the time, we ob-
tain the correction of the velocity to the Zel’dovich motion
from Eq. (16). Further integrating the corrected velocity over

1 The shell-crossing point is the inflection point for the mapping
from Lagrangian to Eulerian frame.
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Then, Eqs. (7)–(9) are rewritten with

dx
dτ

= v, (13)

dv
dτ

= −∇xΦ, (14)

∇2
xΦ = 4πGρm a4 δ =

3
2

Ωm,0H
2
0 a δ, (15)

With the new expressions above, the solution is formally
written as:

x(q; τ) = x(q; τ0) +

Z τ

τ0

dτ ′ v(q; τ ′), (16)

v(q; τ) = v(q; τ0) −
Z τ

τ0

dτ ′ ∇xΦ(x(q; τ ′); τ ′), (17)

where the x(q; τ0) and v(q; τ0) are the initial condition given
at an initial time τ0, which will be specified below.

In what follows, we consider the dynamics of the cosmo-
logical system given above in a finite-size box of 0 ≤ x ≤ L,
imposing the periodic boundary condition. From Eq. (15),
the potential Φ satisfying the periodic boundary condition
is expressed in an integral form as:

Φ(x) =
3
2

Ωm,0H
2
0 a

×
Z L

0

dx′

"
−L

2

(„
|x − x′|

L
− 1

2

«2

− 1
12

)#
δ(x′). (18)

The derivation of this integral expression is presented in Ap-
pendix A. Then, the force exerted on a mass element at the
position x is given by:

F (x) ≡ −∇xΦ(x)

= −3
2

Ωm,0H
2
0 a
hZ L

0

dx′ δ(x
′)

2

˘
Θ(x − x′) − Θ(x′ − x)

¯

+
1
L

Z L

0

dx′ x′ δ(x′)
i
, (19)

where the function Θ(x) represents the Heaviside step func-
tion. In the above, we used the fact that the fluctuation aver-
aged over the space becomes vanishing, i.e.,

R L

0
dx′ δ(x′) =

0. Taking the limit L → ∞, the above expression recovers
the well-known result in the case with the infinite space.
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. (20)

Here, the function D+ is the linear growth factor satisfying
the following equation:
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0 a(τ)
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D+(τ) = 0. (21)

Note that in terms of the cosmic time t, Eq. (21) is reduced
to the standard form of the linear evolution equation:
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The Zel’dovich solution in Eq. (20) contains an arbitrary
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to the linear density field δL(q) given at a very early time
(τini → −∞ or tini → 0):

dψ(q)
dq

D+(τini) = −δL(q; τini) = −δL(q) D+(τini) (23)

Since the Zel’dovich solution is exact before the shell-
crossing, we do not necessarily assume that the evolved den-
sity field δ(x) is small. One may thus consider the situa-
tion that at the region around a Lagrangian coordinate q0,
the density field becomes large, and the region will undergo
the shell-crossing at the time τ0. The conditions for shell-
crossing are generally described by1
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∂3x
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> 0. (24)

Denoting the time of shell-crossing by τ0, we may expand the
solution (20) at τ0 around the shell-crossing region below:

x(q; τ0) ≃ q0 + ψ(q0)D+(τ0) +

ȷ
1 +
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n. (25)

Using Eq. (23), the conditions for shell-crossing [Eq. (24)]
imply that
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< 0. (26)

That is, the region where the shell-crossing takes place cor-
responds to the local density peak, and the conditions for
the shell-crossing are equivalent to the peak constraints.

3 PERTURBATIVE TREATMENT OF
POST-COLLAPSE DYNAMICS

We are interested in the dynamics of mass sheet after the
shell-crossing, when the Zel’dovich solution is no longer valid
and the dynamics is governed by the the multi-stream flow.
In this section, extending the work by Colombi (2015), we
develop the perturbative calculations to deal with the multi-
stream motion around the shell-crossing.

3.1 Post-collapse perturbation theory

The basic formalism to treat post-collapse dynamics is as
follows. Starting with the cold initial conditions in Sec. 2.2,
we first follow the pre-collapse dynamics with the exact
Zel’dovich solution. Then, at the regions undergoing the
shell-crossing, we switch to a perturbative treatment, and
compute the backreaction to the Zel’dovich flow, based on
an explicit functional form of the displacement field around
the shell-crossing region. To be precise, we compute the force
exerted at each position, extrapolating the Zel’dovich flow
from Eq. (19). Integrating the force over the time, we ob-
tain the correction of the velocity to the Zel’dovich motion
from Eq. (16). Further integrating the corrected velocity over

1 The shell-crossing point is the inflection point for the mapping
from Lagrangian to Eulerian frame.
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3.2 Computing force in multi-valued region

To derive the corrections to the motion, we first compute the
force exerted on the mass element inside the multi-valued
region, − bQc ≤ Q ≤ bQc, shown in Fig. 1. Note that the
regions outside the shell-crossing, given at x < x(− bQc) and

x > x( bQc), are described by the Zel’dovich solution.
The force in the multi-valued region is computed with

Eq. (19), dividing each integral at the right-hand-side into
three contributions:
Z L

0

dx −→
“Z x(− bQc)

0

+

Z x( bQc)

x(− bQc)

+

Z L

x( bQc)

”
dx. (38)

Assuming that the collapse region, |Q| ≤ bQc, is small
enough, the contributions to the integrals from each do-
main can be computed analytically, based on the geomet-
rical setup in Fig. 1. The detailed calculations are presented
in Appendix B. Summing up all the contributions given in
Eqs. (B4), (B5), (B8), and (B12), the force exerted on the
mass element at x = x(Q) inside the multi-valued region
becomes

F (x(Q; τ)) = −3
2
H2

0Ωm,0 a(τ)
h
J (Q; q0, τ) + F(q0, τ)

i

(39)

with the functions J and F respectively defined by

J (Q; q0, τ) =

8
>>>>>>>>><

>>>>>>>>>:

n
1 + B(q0; τ)

o
Q − C(q0; τ) Q3

−sgn(Q)
q

3(Q̂2
c − Q2)

; Qc < |Q| < bQc,

n
−2 + B(q0; τ)

o
Q − C(q0; τ) Q3

; |Q| < Qc,

(40)

and

F(q0, τ) = −ψ(q0) D+(τ), (41)

where the quantities A, B, and C are defined by Eqs. (28)–
(30). Note that in deriving Eq. (39), we have assumed that

the system follows Zel’dovich solution at |Q| > bQc. Since
the resultant expressions are written in terms of the local
quantities characterizing the density peak at position q0 and
the shell-crossing time τ0, Eq. (39) is still applicable to the
cases in which there appear other shell-crossing regions at
|Q| > bQc.

3.3 Corrections to the Zel’dovich flow

Provided the explicit expression for the force in multi-stream
region, we now compute the corrections to the Zel’dovich
flow based on the formal solution in Eqs. (16) and (17),
which give the approximate expression relevant at the multi-
valued region:

∆v(Q; τ, τq) =

Z τ

τq

dτ ′ F (x(Q, τ ′)), (42)

∆x(Q; τ, τq) =

Z τ

τq

dτ ′ ∆v(Q; τ ′, τq). (43)

Notice that depending on the position in Lagrangian space
of our interest, the expression of the force is different [see
Eq. (39)]. Thus, we have to divide the domain of the integrals
in Eqs. (42) and (43) into several pieces:

(i) τ0 ≤ τ < bτc(Q) : The position Q is located at the
single-valued region (i.e., |Q| > Qc), and the motion is still
described by the Zel’dovich solution. We have

x(Q; τ) = xZel(Q; τ) ≡ q + ψ(q)D+(τ), (44)

v(Q; τ) = vZel(Q; τ) ≡ ψ(q)
dD+(τ)

dτ
. (45)

(ii) bτc(Q) ≤ τ < τc(Q) : The position Q lies at multi-

valued region, and it satisfies Qc < |Q| ≤ bQc. Thus, in
addition to the Zel’dovich flow, the corrections arising from
the multi-stream flow needs to be added:

x(Q; τ) = xZel(Q; bτc(Q)) + ∆xout(Q; τ, bτc(Q)), (46)

v(Q; τ) = vZel(Q; bτc(Q)) + ∆vout(Q; τ, bτc(Q)). (47)

(iii) τc(Q) ≤ τ : This corresponds to |Q| ≤ Qc, and the
position Q now lies at inner part of the multi-valued region.
Similar to the above case, the backreacion to the Zel’dovich
flow needs to be computed, including both the multi-stream
dynamics at inner part and the incoming flow from the outer
part. We may write

x(Q; τ) = xZel(Q; bτc(Q)) + ∆xin(Q; τ, bτc(Q)), (48)

v(Q; τ) = vZel(Q; bτc(Q)) + ∆vin(Q; τ, bτc(Q)). (49)

In what follows, we shall compute the backreaction to
the Zel’dovich flow, and derive the expressions for ∆x and
∆v at each domain. The calculation of the corrections is
rather straightforward, but needs several step. Readers who
are not interested in the detailed derivation may skip the
subsequent section, but just check the final results summa-
rized in Eqs. (53) and (57) for outer part, and Eqs. (61) and
(65) for inner part, together with the coefficients in Table 1
and 2.

3.3.1 Velocity and position at outer part: Qc < |Q| ≤ bQc

Let us first consider the outer part of the multi-valued region
(ii). In this case, the correction to the velocity becomes

∆vout(Q; τ, bτc) = −3
2
H2

0 Ωm,0

Z τ

bτc(Q)

dτ ′ a(τ ′)

×
n
J (Q; q0, τ

′) + F(q0, τ
′)
o

(50)

Recalling the fact that bτc − τ0 ≃ (κ/8) Q2 [see Eq. (36)], the
above integrals are performed with a help of the formulae in
Appendix D [see Eqs. (D4) and (D5)]. For the integration of
the first term, we obtain the approximate expression valid
for the short period after the shell-crossing time τ0:

Z τ

bτc(Q)

dτ ′ a(τ ′)J (Q; q0, τ
′)

≃ a(τ0)

"
T Q +

ȷ
−κ

8
+

1
6
δ′′L(q0)D+(τ0) T

ff
Q3

− sgn(Q)
κ

4
√

3

“
bQc(τ)

2 − Q2
”3/2

− κ
48
δ′′L(q0)D+(τ0) Q5

#
,

(51)
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To derive the corrections to the motion, we first compute the
force exerted on the mass element inside the multi-valued
region, − bQc ≤ Q ≤ bQc, shown in Fig. 1. Note that the
regions outside the shell-crossing, given at x < x(− bQc) and
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Assuming that the collapse region, |Q| ≤ bQc, is small
enough, the contributions to the integrals from each do-
main can be computed analytically, based on the geomet-
rical setup in Fig. 1. The detailed calculations are presented
in Appendix B. Summing up all the contributions given in
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and
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where the quantities A, B, and C are defined by Eqs. (28)–
(30). Note that in deriving Eq. (39), we have assumed that

the system follows Zel’dovich solution at |Q| > bQc. Since
the resultant expressions are written in terms of the local
quantities characterizing the density peak at position q0 and
the shell-crossing time τ0, Eq. (39) is still applicable to the
cases in which there appear other shell-crossing regions at
|Q| > bQc.

3.3 Corrections to the Zel’dovich flow

Provided the explicit expression for the force in multi-stream
region, we now compute the corrections to the Zel’dovich
flow based on the formal solution in Eqs. (16) and (17),
which give the approximate expression relevant at the multi-
valued region:
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of our interest, the expression of the force is different [see
Eq. (39)]. Thus, we have to divide the domain of the integrals
in Eqs. (42) and (43) into several pieces:

(i) τ0 ≤ τ < bτc(Q) : The position Q is located at the
single-valued region (i.e., |Q| > Qc), and the motion is still
described by the Zel’dovich solution. We have
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valued region, and it satisfies Qc < |Q| ≤ bQc. Thus, in
addition to the Zel’dovich flow, the corrections arising from
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x(Q; τ) = xZel(Q; bτc(Q)) + ∆xout(Q; τ, bτc(Q)), (46)
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flow needs to be computed, including both the multi-stream
dynamics at inner part and the incoming flow from the outer
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x(Q; τ) = xZel(Q; bτc(Q)) + ∆xin(Q; τ, bτc(Q)), (48)

v(Q; τ) = vZel(Q; bτc(Q)) + ∆vin(Q; τ, bτc(Q)). (49)
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rather straightforward, but needs several step. Readers who
are not interested in the detailed derivation may skip the
subsequent section, but just check the final results summa-
rized in Eqs. (53) and (57) for outer part, and Eqs. (61) and
(65) for inner part, together with the coefficients in Table 1
and 2.

3.3.1 Velocity and position at outer part: Qc < |Q| ≤ bQc

Let us first consider the outer part of the multi-valued region
(ii). In this case, the correction to the velocity becomes
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×
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Recalling the fact that bτc − τ0 ≃ (κ/8) Q2 [see Eq. (36)], the
above integrals are performed with a help of the formulae in
Appendix D [see Eqs. (D4) and (D5)]. For the integration of
the first term, we obtain the approximate expression valid
for the short period after the shell-crossing time τ0:
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−κ
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Figure 1. Geometrical configuration of phase-space structure
around the local density peak after shell-crossing, extrapolating
the Zel’dovich solution [see Eq. (27]. The origin of the Eulerian co-
ordinates is set to the shell-crossing point in Lagrangian position,
given at q0. The structure around the density peak is symmetric
with respect to the Lagrangian coordinate Q ≡ q − q0 (Colombi
2015, see also ).

the time, the correction of the position is obtained from
Eq. (17). Throughout these calculations, we assume that
the collapse region is small, and the phase-space configura-
tion is described by the polynomials form of the Lagrangian
coordinate.

Let us focus on the shell-crossing point centered at the
Lagrangian position q0, and present a perturbative descrip-
tion of the multi-stream flow around q = q0. As we men-
tioned, the conditions for shell-crossing is given by Eq. (24).
For a short period just after the shell-crossing (τ = τ0), the
multi-stream flow is not yet developed and the displacement
field ψ(q) is approximately described by the third-order
polynomials of q − q0. Since the deviation from Zel’dovich
flow is not significant, the motion of mass element around
q = q0 at τ > τ0 may be described by

x(q; τ) ≃ A(q0; τ) − B(q0; τ) (q − q0)

+ C(q0; τ) (q − q0)
3 + · · · (27)

with the time-dependent coefficients A, B and C defined by

A(q0; τ) ≡ x(q0; τ) = q0 + D+(τ)ψ(q0), (28)

B(q0; τ) ≡ − ∂x
∂q

˛̨
˛̨
q0

= −1 − D+(τ)ψ′(q0)

= {D+(τ) − D+(τ0)} δL(q0) (29)

C(q0; τ) ≡
1
6
∂3x
∂q3

˛̨
˛̨
q0

=
1
6

D+(τ)ψ′′′(q0)

= −1
6

D+(τ) δ′′L(q0), (30)

where the prime denotes the derivative with respect to q.
Here, we used Eqs. (23) and (26). The above expression
implies that the shell-crossing point slightly moves from

x = x(q0; τ0) to x = A(q0; τ), and the structure near
the shell-crossing is developed to the S-shape, as shown in
Fig. 1. Here, we introduce the new Lagrangian coordinate,
Q ≡ q − q0, with which the structure of local density peak
is symmetric. Since we expand the displacement field by the
third-order polynomials, the equation x(q, τ) = x0 inside
the shell-crossing region has three solutions. An example is
shown in Fig. 1 for the solution x(Q∗) = x(Q±) satisfying
Q− < Q∗ < Q+, which leads to the following relations:

Q∗ =
1
2

ȷ
−Q± ±

q
3( bQ2

c − Q2
±)

ff
, (31)

Q± =
1
2

ȷ
−Q∗ ∓

q
3( bQ2

c − Q2
∗)

ff

=
1
2

ȷ
−Q∓ ±

q
3( bQ2

c − Q2
∓)

ff
. (32)

Here, the Lagrangian postion at the boundary of the multi-
valued region, bQc, is related to Qc through x( bQc) = x(Qc),
and is expressed as

bQc = 2Qc =

r
4B
3C

(33)

Because of the time dependence of the coefficients [see
Eqs. (29) and (30)], the position of the boundary gradu-
ally changes in time. The leading-order expression in powers
of time (τ − τ0) becomes

bQc ≃
ȷ

8
κ(q0, τ0)

ff1/2

(τ − τ0)
1/2 + O

“
(τ − τ0)

3/2
”

(34)

with the quantity κ defined by

κ(q0, τ0) ≡
−δ′′L(q0) D+(τ0)

δL(q0)
dD+(τ0)

dτ0

. (35)

This time dependence leads to an important consequence
that even the positions outside the collapse region at an early
time can enter the multi-valued region, and the structure
of the collapse region becomes developed. We can estimate
at what time the Lagrangian coordinate Q hits Qc or bQc.
Inverting the relation Q = Qc(τc) and Q = bQc(bτc), we get

bτc(Q) − τ0 ≃ κ(q0, τ0)
8

Q2 (36)

and

τc(Q) − τ0 = bτc(2Q) − τ0 ≃ 1
2
κ(q0, τ0) Q2. (37)

These quantities actually play crucial role to separate
the Zel’dovich flow from the dynamics of multi-valued re-
gion, and will be used to determine the backreaction to the
Zel’dovich flow, since the force exerted on each position can
be changed inside and/or outside the boundary, bQc and Qc.
We will demonstrate it in next subsection. One important re-
mark in our subsequent calculation is that the boundary bQc

and Qc are assumed to be small, and the backreaction to the
position and velocity inside the multi-valued region can be
described perturbatively in polynomial form of Q = q − q0,
allowing the fractional power of ( bQ2

c − Q2). Thus, the re-
sultant expressions are valid for a short period of super-
conformal time τ , but the improvement of the statistical
prediction can become significant depending on the initial
condition (see Sec. 5).
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Single-cluster formation10 A. Taruya and S. Colombi

Figure 2. Snapshots of phase-space structure (upper inset) and density profile (lower inset) for the single-cluster formation in Einstein-
de Sitter universe. For the initial density contrast given in Eq. (68), results of N -body simulations are depicted as red lines, while the
analytic results with Zel’dovich solution are shown in green dotted lines. The blue solid lines are the prediction with basic post-collapse
PT treatment.

Figure 3. Same as in Fig. 2, but the variants of the post-collapse PT calculation including the higher-order corrections are compared
with N -body simulations (red): higher-order continuous (cyan dot-dashed), higher-order (black dotted), and higher-order spline (dashed
magenta).
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the development of phase-space structure. In each figure, the
upper and lower panels show the results without and with
adaptive smoothing, respectively. The free parameter of the
adaptivie smoothing, fcross, is set here to 1 for post-collapse
PT and 0.5 for Zel’dovich solution.

In general, as the clusters dynamically gets closer, both
the post-collapse PT and Zel’dovich solution fail to describe
the real dynamics in N -body simulations. While the post-
collapse PT can only give the perturbative correction to the
motion of clusters based on the initial density fields, the
actual motion of clusters is significantly affected by the in-
teraction with one other cluster. As a result, the location
of multi-valued regions predipcted by the post-collapse PT
becomes largely deviates from the actual position, and the
outcome of phase-space structure in N -body simulation sub-
stantially differ from what is expected from post-collapse PT
and Zel’dovich solution.

This generic trend does not change at all even if we in-
troduce the adaptive smoothing, but at the time after the
merger happens (i.e., a = 0.32), the visual impression is
rather changed. The dynamics at central part is now de-
scribed by the smoothed displacement field, with which the
predicted phase-space structure is just like those of a sin-
gle cluster. While this is totally a wrong prediction to the
merging dynamics, the substantial improvement is found
for the description at the outer part, where without adap-
tive smoothing, we still see the elongated two clusters, and
the disagreement between prediction and simulation is much
more pronounced. Introducing both adaptive smoothing and
the higher-order corrections to the post-collapse PT further
gives a better description to the merging clusters (Fig. 5 ).

The results seen in the merging clusters demonstrate
that the adaptive smoothing is indeed powerful and effec-
tive in describing the global trend of the phase-space struc-
ture. While this cannot capture the detailed inner structure
of the high-density region, it can give a better description
to a large-scale dynamics, keeping the location and size of
halos reasonably accurate. As we will see later, the adap-
tive smoothing can also give a drastic improvement on the
prediction of power spectrum in random initial conditions.
Further, the introduction of adaptive smoothing makes the
analytic calculations insensitive to the small-scale cutoff in
the initial condition, thus giving us a robust prediction. In
these respects, the criterion (iii) in Sec. 4.2 is the essen-
tial part of the adaptive smoothing procedure, and a choice
of fcross is crucial. Our various examinations suggest that
fcross = 1 and 0.5 are respectively the most optimal choice
for the post-collapse PT and Zel’dovich solution, and we
shall adopt these values in subsequent section.

5.4 Random initial condition: CDM-like spectrum

Let us now consider a more relevant cosmological set up
with random initial conditions. Although there is no realistic
setup in 1D, a relevant initial condition to be compared with
3D case may be given by the Gaussian random condisition
with the initial power spectrum:

P1D(k) =
k2

2π
P3D(k) (70)

with P3D being the matter power spectrum in 3D, which
we computed with the transfer function by Eisenstein & Hu

(1998). We set the cosmological parameters to those of
the base ΛCDM model determined by Planck Ade et al.
(2015): Ωm,0 = 0.3121, ΩΛ = 0.6879, Ωb = 0.04884,
H0 = 67.51 km s−1 Mpc−1, ns = 0.9653, σ8 = 0815. The
simulations were performed with the boxsize L = 1, 000Mpc
and initial redshift, zi = 99. The convergence of the simula-
tion results has been tested by varying the number of par-
ticles Nparticle

2, number of PM grid Ngrid and cutoff scales
of the initial power spectrum, kcut. Here, we mainly present
the results with Nparticle = 200, 000, Ngrid = 20, 000, and
kcut = 12.6Mpc−1. For the power spectrum measurement,
we ran the 50 simulations.

Fig. 6 shows the evolved results of the power spectra ob-
tained from the simulations (red) and the predictions. In left
panel, the predictions are plotted for the basic post-collapse
PT (blue solid) and Zel’dovich solution (green dotted), while
the variants of the prediction for post-collapse PT are sum-
marized in right panel, with the same color codes and line
types as in previous figures. Note that these predictions are
the measurement results. That is, based on the Zel’dovich
solution or post-collapse PT, we create the phase-space por-
trait with particles for each random initial condition, and
collecting the 50 independent realizations, the power spec-
trum is measured at each redshift from those phase-space
data. For comparison, in left panel, we also plot the analytic
power spectrum of the Zel’dovich solution, PZA(k) (black
solid line) (color code and line type for analytic power spec-
trum may have to be changed):

PZA(k; z) =

Z ∞

0

dq cos(k q)
h
e−k2{I(0)−I(q)}D+(z)2 − 1

i
;

I(q) =

Z ∞

0

dp
π

cos(p q)
P1D(p)

p2
(71)

In contrast to the 3D case, the amplitude of power spec-
trum at small scales is not strongly enhanced in 1D, and
the dimensionless power asymptotically becomes flat, i.e.,
k P (k) ≃const., as it has been predicted by a simple argu-
ment (e.g., Gouda & Nakamura 1989). Still, the deviation
from linear theory predictions is significant, and a proper
account of nonlinearity is essential for theoretical prediction.

Without the adaptive smoothing (depcited as thin
lines), the prediction with Zel’dovich solution starts to de-
viate from simulations at very early time (z = 15.3). The
post-collapse PT can capture the nonlinear growth associ-
ated with formation of halos, and it reproduces the sim-
ulation results to some extent. As decreasing the redshift,
however, the structure of halos is well-developed via the
merging and accretion processes, and the predictions de-
picted as thin lines significantly underestimate the power
spectrum even if the higher-order corrections are included
(left panel). Fig. 7 shows the phase-space structure clipped
from a particular realization data. As we see in left pan-
els, both the Zel’dovich solution and post-collapse PT fail
to reproduce the halo structures in simulation, and predict
the spurious elongated structure, leading to the underesti-
mation of the power spectrum. Note that the predictions

2 To be precise, sheets rather than particles may be more ap-
propriate terminology, as we have used in previous section. But
here, we shall follow the conventions in N -body simulation and
interchangebly use both.
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‘Regularizing’ small-scale structure 

1. Construct smoothed initial 
density fields at various scales:

2. Choose the filter scale with 
which the shell-crossing point 
first exceeds next-crossing time

3.  Apply post-collapse PT to the 
smoothed initial density field
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Table 2. Coefficients for the correction to Zel’dovich flow at the inner part of collapse region, |Q| ≤ Qc

Coefficients velocity ∆vin [Eq. (61)] position ∆xin [Eq. (65)]

eα 2T −T 2

eβ T
δ′′L(q0)

6
D+(τ0) +

5

8
κ

5κ

8
T +

δ′′L(q0)

12
D+(τ0) T 2

eδ −
“κ

8

” δ′′L(q0)

6
D+(τ0) −

“κ
4

”2 67

40
−

“κ
8

” δ′′D(q0)

6
D+(τ0) T

eζ
1

2

“κ
8

”2 δ′′L(q0)

6
D+(τ0)

eϵ ψ(q0)
h dD+(τ ′)

dτ ′

iτ

bτc(Q)
ψ(q0)

(
D+(τ) − D+(τ0) −

dD+

dτ

˛̨
˛̨

bτc(Q)

T

)

prediction. One is to incorporate the next-to-leading order
terms into the expressions for the quantities bQc and bτc (or
Qc and τc). Another is to improve the evaluation of the time
integrals in Eqs. (42) and (43). In Sec. 3.3, in evaluating the
time integrals, a part of the integrands is Taylor-expanded,
and the results at leading-order in time is presented. It is
thus possible to include the higher-order corrections from
the Taylor-expanded integrands.

The derivation of the higher-order corrections to the
Zel’dovich flow is, albeit messy calculations, rather straight-
forward. The resultant expressions now include the higher-
order polynomials of Q as well as the new contributions,
which are summarized in Appendix C. In what follows, based
on these results, we shall examine the following cases:

(i) Higher-order in time (hc): In addition to the basic re-
sults in Sec. 3.3, we include the higher-order corrections aris-
ing from the time integrations, but the higher-order contri-
butions from bτc and τc are ignored, setting the quantity η
to zero in the expressions summarized in Appendix C).

(ii) Higher-order in time and bτc (ho): In addition to the
basic results in Sec. 3.3, we include all the higher-order cor-
recstions in Appendix C.

Further, we consider a semi-analytic approach in order
to smoothly connect the inner shell-crossing part with the
outer part which can be described by the Zel’dovich solution.

(iii) Third-order spline (spl): The post-collapse perturba-
tion theory in Sec. 3.3 is applied only to the inner part,
τc(Q) ≤ τ or |Q| ≤ Qc. For the outer part at Qc < |Q| < bQc,
the third-order spline interpolation is used to smoothly con-
nect the ineer part with Zel’dovich solution.

Note that in all of the three cases, we use the higher-
order expressions for bQc and Qc to identify each domain of
the post-collapse regions [see Eq. (C1)].

4.2 Adaptive smoothing

Given the displacement field ψ(q) in the Zel’dovich solu-
tion, the perturbative treatment in Sec. 3 provides a way
to describe the post-collapse dynamics. The applicability of
this approach is, of course, restricted to a certain finite pe-
riod just after the shell-crossing. Typically, the treatment

would provide a good description until the mass sheets in-
side the collapse region undergo the next crossing. Using the
leading-order expression given in (65), the time scale of the
next crossing is estimated from Eq. (48) to give

τcross(q0) ≡
δL(q0)

dD+(τ0)

dτ0
3
2H2

0Ωm,0 a(τ0)
, (66)

which is derived by setting the coefficient of the first-order
polynomials of Q to zero.

Notice that this estimation is valid only if the collapse
region is isolated. If there are two adjacent collapsing re-
gions, the interaction between the two becomes more im-
portant, and a separate description of each halo would be
inadequate. As a consequence, the prediction of the post-
collapse perturbation theory will be broken down much ear-
lier than expected. Such a case may predominantly occur in
the cases of random initial condition that has a large power
at small scales.

To ameliorate such a situation, one simple but appropri-
ate idea may be that rather than exactly following the fine
structure of the post-collapse dynamics in deep inside, we
have to deal with the coarse-grained phase-space dynamics
by introducing the smoothing procedure. With the smoothed
displacement field, the perturbative description just gives a
coarse-grained prediction at the inner collapse region where
the interaction between the two halos is significant, but at
the outer part, where the smoothed displacement field is
close to the un-smoothed field, it would still provide an ac-
curate prediction for phase-space structure, potentially im-
proving the applicability of perturbative calculations even
after the next-crossing time.

Here, we examine the adaptive smoothing, in which the
multiple smoothing scales are introduced, and post-collapse
perturbation theory is applied to each smoothed displace-
ment field. Collecting the perturbative predictions at differ-
ent smoothing scales, a global approximation for the post-
collapse dynamics is constructed. To be precise, the practical
method demonstrated below is summarized as follows:

(i) Constructing first the smoothed initial density fields
at various scales, employing specifically the sharp-k filter
function in Fourier space:

W (k; kcut) = Θ(kcut − k) (67)
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Figure 4. Phase-space structure (upper inset) and density profile (lower inset) of the merging clusters in Einstein-de Sitter universe. For
the initial density contrast in Eq. (69), results of N -body simulations are depicted as red lines, while the analytic results with Zel’dovich
solution are shown in green dotted lines. The blue solid lines are the prediction with post-collapse perturbation theory. Upper and lower
panels respectively show the results without and with adaptive smoothing.

Figure 5. Same as in Fig. 4, but the simulation results are compared with improved treatments of post-collapse PT without (upper)
and with (lower) adaptive smoothing. Meanings of line types are the same as in Fig. 3
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Figure 4. Phase-space structure (upper inset) and density profile (lower inset) of the merging clusters in Einstein-de Sitter universe. For
the initial density contrast in Eq. (69), results of N -body simulations are depicted as red lines, while the analytic results with Zel’dovich
solution are shown in green dotted lines. The blue solid lines are the prediction with post-collapse perturbation theory. Upper and lower
panels respectively show the results without and with adaptive smoothing.

Figure 5. Same as in Fig. 4, but the simulation results are compared with improved treatments of post-collapse PT without (upper)
and with (lower) adaptive smoothing. Meanings of line types are the same as in Fig. 3
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Summary

✦ “Post-collapse perturbation theory”

✦ “Adaptive smoothing”

that can deal with multi-stream dynamics

that can handle small-scale dynamics

Hints & clues for extension to 3D cosmology 

1D cosmology offers a testing ground for new PT treatment 
beyond single-stream approx.

Improved predictions beyond single-stream regime

(good agreement with simulations at k<0.6 Mpc^-1) 


