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ABSTRACT

Baryonic acoustic oscillations (BAOs) modulate the density ratio of baryons to dark
matter across large regions of the Universe. We show that the associated variation
in the mass-to-light ratio of galaxies should generate an oscillatory, scale-dependent
bias of galaxies relative to the underlying distribution of dark matter. A measurement
of this effect would calibrate the dependence of the characteristic mass-to-light ratio
of galaxies on the baryon mass fraction in their large scale environment. This bias,
though, is unlikely to significantly affect measurements of BAO peak positions.
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1 INTRODUCTION

The rapid acoustic waves in the radiation-baryon fluid prior
to cosmological recombination were not followed by the dark
matter at that time. Following recombination, the baryons
were freed from the strong radiation pressure and fell into
the gravitational potential fluctuations of the dark matter.
As a result, the fractional difference between the density
fluctuations of baryons and dark matter decreased steadily
with cosmic time. But since the baryons amount to a sizable
fraction of the total mass density of matter (Ωb/Ωm ≈ 17%),
the gravitational effect of the baryons on the dark matter im-
printed baryonic acoustic oscillations (BAOs) on the matter
power spectrum. The characteristic comoving scale of BAOs
∼ 100 Mpc (corresponding to the sound horizon at recombi-
nation), provides a yardstick that can be used to measure the
dependence of both the angular diameter distance and Hub-
ble parameter on redshift (see review by Eisenstein 2005).

When analyzing galaxy surveys, it is often assumed
that galaxies are biased tracers of the underlying mat-
ter distribution (Kaiser 1984), with a bias factor that ap-
proaches a constant value on sufficiently large scales where
density fluctuations are still linear (e.g., Mo & White 1996;
Tegmark & Peebles 1998; Sheth et al. 2001). However, the
imprint of primordial acoustic waves on the baryon fluid
at recombination introduced a scale-dependent modulation
of the ratio between the density fluctuations of baryons
and dark matter that has not been completely erased by
the present time. A large-scale region with a higher baryon
mass fraction than average (in the perturbations that lead

⋆ E-mail: barkana@wise.tau.ac.il (RB); aloeb@cfa.harvard.edu
(AL)

to galactic halos) is expected to produce more stars per unit
total mass and hence result in galaxies with a lower mass-
to-light ratio.

In this paper we characterize the associated scale-
dependent bias in flux-limited surveys of galaxies. The ratio
between the power spectra for fluctuations in the luminosity
density and number density of galaxies is expected to show
BAO oscillations that reflect the large-scale variations in the
baryon-to-matter ratio.

In §2, we formulate the oscillatory BAO signature on
galaxy bias in terms of a simple analytical model. The quan-
titative results from this model are presented in §3. Finally,
we summarize our main conclusions in §4.

2 THE MODEL

2.1 Basic Setup

Since galaxies sample the high peaks of the underlying mat-
ter density, they are biased tracers of the matter density.
When the clustering of galaxies is usually analyzed, the
bias is considered simply with respect to the matter density,
without separating out the effects of the baryons. As long
as the baryon fluctuations follow the same spatial pattern
as that of the dark matter, biasing with respect to each of
them cannot be separated since this separation is degenerate
with an overall change of the bias factor, which is not known
apriori. However, since the BAOs induce a scale-dependent
difference between the baryons and dark matter, it becomes
important to consider their influence on galaxies separately.

Consider the power spectrum of fluctuations in the
galaxy number density ngal and in the luminosity density

arxiv: 1009.1393

Following up the theoretical prediction of Barkana & Loeb 
(2010) we looked for the scale dependent bias of the 
luminosity weighted correlation function using BOSS DR10

The initial BAO density enhancement leads to extra 
clustering of baryons on large scales.

However the large scale different between the clustering 
of galaxies and of luminosity weighted galaxies could also 
have a more significant primordial origin....
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Standard Inflationary scenario: primordial perturbations are 
adiabatic (all particle species are in phase)

More complex scenarios: could have isocurvature fluctuations 
in relative number density of different spices (out of phase)

isocurvature is not favored by CMB experiment. However 
there could exist a primordial, compensated isocurvature 

component (CIP) to the overall fluctuations between DM and 
baryons.

amplitude of compensated isocurvature perturbations
(CIPs).
The measurement of the scale dependence of δb=δtot

requires one to compare observable tracers of δtot and δb. In
this Letter, we follow and extend [11] the proposal of
Barkana and Loeb [12] (BL11); i.e., we use the number
density δn of galaxies as a tracer of the total matter density
fluctuation δtot and the absolute luminosity density of
galaxies δL as a tracer of the baryonic density fluctuation
δb. The idea is as follows: The number density fluctuations
δn are driven by the underlying total matter density
fluctuation δtot, with a bias (i.e., ratio) bn;t, which should
be approximately constant on large scales. On the other
hand, an area with a higher baryonic mass fraction δb=δtot
than average is expected to produce more stars per unit total
mass, hence, more luminous matter, and to result in
galaxies with a lower mass-to-light ratio. As a result, the
luminosity-weighted density fluctuation, δL, traces a com-
bination of δtot and δb. Therefore, the scale dependence of
δb=δtot induced by BAOs should translate into a scale
dependence of δL=δn.
Predictions.—BL11 provide a model for the tracers δn

and δL of the quantities of interest δb and δtot

δn ¼ ðbn;t þ CbL;t þ CbL;Δ½rðkÞ − rlss&Þδtot; ð1Þ

δL ¼ ðbn;t þ ð1þDÞbL;t þ ð1þDÞbL;Δ½rðkÞ − rlss&Þδtot:
ð2Þ

Within this model, bias factors bn;t and bL;t reflect the
dependency of the number density and mean luminosity
fluctuations on the underlying matter density fluctuation
[13]. The mean luminosity fluctuations are also affected
separately by the baryon fluctuations because the lumi-
nosity depends on the gas fraction in haloes, which itself
depends—through the nonlinear process of halo collapse—
on the baryon fraction of the surroundings. The parameter
bL;Δ quantifies the effect we search for: It is an effective
bias factor that measures the overall dependence of galaxy
luminosity on the underlying difference Δ between the
baryon and total density fluctuations; C and D quantify
effects emerging in surveys where the observed sample is
flux limited (which introduces additional dependences on
galaxy luminosity); and rðkÞ is the fractional baryon
deviation rðkÞ ¼ δb=δtot − 1, which can be predicted from
the initial power spectra, and which approaches a constant
(i.e., scale-independent though redshift-dependent) value
rlss on scales below the BAOs. Equations (1) and (2) refer
to amplitudes at a given wave number k of Fourier-
decomposed fluctuation fields.
Compensated isocurvature perturbations.—The meas-

urement of the relation between dark matter and baryons is
related to the search for CIPs [14]. Measurements of
primordial density perturbations are consistent with adia-
batic initial conditions, for which the ratios of neutrino,

photon, baryon and CDM energy densities are initially
spatially constant. Indeed, the simplest inflationary models
predict adiabatic fluctuations [15,16]. However, more
complex inflationary scenarios [17–19] predict fluctuations
in the relative number densities of different species, known
as isocurvature perturbations. Cosmic microwave back-
ground (CMB) temperature anisotropies limit a matter
versus radiation isocurvature mode to a few percent of
the adiabatic modes [20]. CIPs, however, are, specifically,
perturbations in the baryon density δb that are compensated
for by corresponding fluctuations in the CDM δCDM (so that
the total density is unchanged).
Such fluctuations are hard to detect, since gravity (and its

effect on everything from galaxy numbers to CMB fluc-
tuations) only depends on the total density. The uniformity
of the baryon fraction of galaxy clusters [21] gives an upper
limit on CIPs corresponding to Δcl < 7.7%, where Δcl is
the rms fluctuation in the baryon to the CDM density ratio
on galaxy cluster scales. Nonlinear effects on the CMB give
a similar current limit, Δcl < 11% [14]. These constraints
may be improved with future cosmological 21-cm absorp-
tion observations [22]. In this Letter, we added possible
CIPs to the BL11 model under the standard assumption of a
scale-invariant power spectrum for this field.
Model in terms of correlation function.—The observable

quantities in galaxy surveys are not the fluctuations δn and
δL but rather the two point statistics of such tracers, namely,
the power spectrum or the two-point correlation function
(2PCF). We reformulate the observational proposal of
BL11 in terms of the 2PCF, defined as

ξðx; yÞ≡ 1

2π2

Z
k2PðkÞj0ðksÞdk; ð3Þ

where s ¼ jx − yj and PðkÞ is the matter power spectrum
defined by hδðkÞδðk0Þi≡ PðkÞδDðk − k0Þ. Following the
notation of BL11, we find that the observable 2PCFs ξn (of
the galaxy number density) and ξL (of the galaxy lumi-
nosity density) can be expressed with three theoretically
predicted functions, ξtot, ξadd, and ξCIP, the set of five BL11
parameters from Eqs. (1) and (2) and the parameter BCIP
(which determines the amplitude of CIPs). Defining total
effective bias parameters Bn;t¼bn;tþCbL;t, Bn;Δ ¼ CbL;Δ,
BL;t ¼ bn;t þ ð1þDÞbL;t, and BL;Δ ¼ ð1þDÞbL;Δ, our
model equations are

ξn ¼ B2
n;tξtot þ 2Bn;tBn;Δξadd þ B2

n;ΔBCIPξ̂CIP; ð4Þ

ξL ¼ B2
L;tξtot þ 2BL;tBL;Δξadd þ B2

L;ΔBCIPξ̂CIP; ð5Þ

where (unlike the other ξ terms) we have separated ξCIP into
its shape ξ̂CIP and its amplitude BCIP. In order to model the
correlation functions, we begin with linear perturbation
theory, for which ξtotðsÞ is given by Eq. (3),
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FIG. 1: Our measurement of ⇠L (blue) and ⇠n (red) [times
s2], using 21 radial bins instead of 31, and our best-fit max-
imum likelihood model (allowing all parameters to be non-
zero). The best fit corresponds to �2/dof = 1.49, where dof
is the number of degrees of freedom in the fit.

ors on B
n,t, k⇤ and A

MC

are taken to be consistent with
previous works on the BOSS data [3, 5, 6].

MODEL FITTING WITH 21 BINS

Figures 1 and 2 here show versions of the same two
figures as in the paper, but when using 21 radial bins
instead of 31. The lower reduced �2 value with 21 bins is
an indication of the e↵ects of the correlated errors among
the various binned measurements and perhaps systematic
errors. We note that our model has 9 free parameters,
while the number of data points is twice the number of
bins in each case.

RESULTS OF THE MODEL FITTING

In Table I we show the full parameter values (including
the maximum likelihood value, the median, and 68.2%
confidence range), for fitting to 21 or 31 data bins.
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We are currently updating this work with DR12 CMASS + LOWZ 

DR10 CMASS

At the moment the data cannot give strong 
constraints on either the large scale bias induced 
by extra baryon clumping or by primordial CIP....
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Probing Scalar Field Theories
Light  scalar  fields  coupled  to  matter  (baryons)  are  predicted  by  

many  theories  beyond  the   standard  model.    
•

Coupled  means  we  have  a  fifth-force  in  nature.  If  it  exists,  is  
there  any  room  for  cosmological  signatures  (of  the  fifth-force)?  

•
A  fifth-force  is  strongly  constrained  from  local  gravity  

experiments  (inverse  square  law,  solar-­system  tests,  EP).    
•

Naive  conclusion:  Either  very  short  range  or  very  weakly  
coupled,  in  other  words:  no  cosmological  effects  of  the  fifth-

force!  
•

Not  the  case  if  the  field  has  a  screening  mechanism.  The  fifth-
force  can  remain  ’hidden’  to  local  experiments!  

•
We consider two models that have  this  property:  Chameleon & 

Symmetron
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Probing Scalar Field Theories 
in redshift-space

Symmetron Model
Hinterbichler & Khoury (2010)

f(R) Gravity Model 
Hu & Sawicki (2007)

We focus our analysis in two 
specific scalar tensor models: the 
symmetron model and a 
particular case of  f(R) theories.

Both models include screening 
mechanisms, which reduce them 
to general relativity in high 
density regions and thus pass 
solar system tests.

N-body simulations from 
Llinares, Mota etal (2013) 
arXiv:1307.6748

Model �0 zS S B �
Symm A 1 1 1
Symm B 1 2 1
Symm C 1 1 2
Symm D 1 3 1

Model n | fR0| �0
fofr4 1 10�4 23.7
fofr5 1 10�5 7.5
fofr6 1 10�6 2.4

Table 1. Model parameters for the symmetron (left) and f (R) (right)
runs. The range in the f (R) model is derived from the value of fR0 and
given only to have a reference point to compare both families of models.
The range is given in Mpc/h in both set of models.

that this is a di↵erent implementation1 (though mathematically
equivalent) as is done in other codes that have implemented this
model (Oyaizu 2008; Li et al. 2012; Puchwein et al. 2013). As
noted in Oyaizu (2008), the scalar field equation of motion can
be written in a more numerically stable form by making a field
redefinition:

fR = �a�2eu. (36)

The equation of motion in its non-canonical form is then

r · (b(u)ru) = ⌦maH2
0(⇢̃ � 1)

�⌦ma4H2
0

 
1 + 4

⌦⇤

⌦m

!
(| fR0|a2)

1
n+1 e�

u
n+1

+⌦maH2
0

 
1 + 4a3⌦⇤

⌦m

!
(37)

where b(u) = eu. The discretization of this equation was imple-
mented as described in Sect. ??. The geodesic equation reads

d2
x

d⌧2 + r�̃ +
1
2

euru = 0. (38)

4. Analysis: redshift-space tests for modified

gravity

4.1. Simulations

The data to be used for the analysis was obtained from a set
of simulations that we run with both standard gravity and the
two models presented in Sect. 3. Table 1 summarises the
model parameters. The initial conditions were generated as-
suming that both scalar field models give fully screened solu-
tions at high redshift and thus, the Zeldovich approximation
is valid also in the modified models. In practice, we gener-
ated only one set of initial conditions with the package Cosmics
(Bertschinger 1995). We used a box size of 256 Mpc/h and 5123

particles. The background cosmology is also the same for all
the simulations and is defined as a flat ⇤CDM model given by
(⌦m,⌦⇤,H0) = (0.267, 0.733, 71.9 km/sec/Mpc).

4.2. Analysis

We proceed to measure the clustering statistics of the ISIS sim-
ulations discussed previously. Specifically we will estimated the
2-point correlation function (2PCF) in real and reshift-space and
in isotropic and in the anisotropic �, ⇡-decomposition. We will
also look at the behaviour of the 3-point correlation function in
both real and redshift-space for each of the simulation models.
1 By introducing the (Jordan-frame) potential �J = � � fR

2 (�̃J =

�̃ + 1
2 eu) one can transform the equations to that of Oyaizu (2008); Li

et al. (2012). Poisson’s equation for �J follows from simply adding
Poisson’s equation for �N and the Klein-Gordon equation for � fR/2.

We estimate the correlation function using the “Landy-
Szalay" estimator ?,

⇠(�, ⇡) =
DD � 2DR + RR

RR
, (39)

where DD is the number of galaxy–galaxy pairs, DR the num-
ber of galaxy-random pairs, and RR is the number of random–
random pairs, all separated by a distance � ± �� and ⇡ ± �⇡.
The pair counts are normalised since we use 20 times as many
randoms and data point to reduce shot noise contributions to the
correlation estimation.

In the isotropic case we measure ⇠(r) from r = 0! 60 in 20
linearly spaced bins. In the anisotropic case we measure ⇠(�, ⇡)
from �&⇡ = 0! 60 in 15 linearly spaced bins, resulting in 225
bins in the � � ⇡-plane.

We use the 3PCF estimator of ?,

⇣ =
DDD � 3DDR + 3DRR � RRR

RRR
, (40)

where each term represents the normalised triplet counts in the
data (D) and random (R) fields that satisfy a particular triangular
configuration.

There are a large number of triangular configurations that
could be investigated, however given the computer intensive na-
ture of 3PCF measurement, we limit our analysis to nine. This
choice will become important later when we come to analyse
⇠ 2000 mock catalogues using the same triangular configura-
tions, which requires significant computational resources. We
also choose configurations and bins that reduce the error and co-
variance on the derived Q values.

The 3PCF is a function of three variables that uniquely de-
fine a triangular configuration. The shape parameters can either
be the three sides of the triangle, (r1, r2, r3), or more commonly
(s, q, ✓) where,

s = r1, (41)

q =
r2

r1
, (42)

✓ = cos�1(r̂1.r̂2). (43)

In Eq 43 r̂1,2 is the unit vector of two sides of the triangle. The
3PCF is usually calculated in various configurations where s and
q are fixed while ✓ is varied from 0� to 180�.

Our measurements were made using the KSTAT code. This
code is MPI parallel and is based upon the structure known
as ‘kd-trees’ which is a way of organising a set of data in k-
dimensional space in such a way that once built, any query re-
questing a list of points in a neighbourhood can be answered
quickly without going through every single point.

4.3. Results

5. Conclusions and discussion

Several extensions of the standard cosmological model include
scalar fields as new degrees of freedom in the underlying grav-
itational theory which can be for instance in the form of scalar,
vector or tensor fields. In general, these new degrees of freedom
interact with matter and in particular with the standard model
fields. Since no deviations to Einstein gravity have been ob-
served nor measured up to nowadays in the solar system, these
interacting scalar field theories must include screening mecha-
nisms intended to hide the scalar field below observational lim-
its within the solar system. Such requirement can be relaxed on
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sensitive to information 
in the velocity field
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using anisotropic 
statistics?
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- Using iso-2PCF, more deviation from LCDM in redshift-space
- FOFR4 and SymmD models show largest difference > ~5%
- Maybe we can investigate velocity effect more specifically....
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- In anisotropic proj again FOFR4 shows large variation in DM
- Halo clustering exhibits wider dispersion amongst models
- So what?  Can we construct a smoking gun test?  maybe...

Halos
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3-Point correlations (Fourier Dual of Bispectrum)

⇣(r1, r2, r3) = h�gal(r1)�gal(r2)�gal(r3)i

dP = n3(1 + ⇠(r1) + ⇠(r2) + ⇠(r3) + ⇣(r1, r2, r3))dV1dV2dV3

The complete statistical description of a field may require 
higher-order statistics, 

Probability of finding pairs/triplets of objects:

random correlated 
pairs

correlated 
triplets

It’s difficult to compute and cpu intensive...
Im developing a code to do this using MPI, kd-trees, and 
some other tricks: https://bitbucket.org/csabiu/kstat 

https://bitbucket.org/csabiu/kstat
https://bitbucket.org/csabiu/kstat
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Fig. 3. left: The halo 3PCF for the 8 simulations using the triangular configuration of s=2Mpc/h, q=1, in real space. The full 3PCF is
shown in the top panel while the relative di↵erence compared to ⇤CDM is below. right: Same as right hand panel, but in redshift space.

Fig. 4. Same as Fig.3 with triangular configuration with s=3Mpc/h, q=2
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The 3pcf in various modified gravity simulations

there is significant dispersion between models which suggest that the 3PCF is 
a more powerful probe of modified gravitational clustering. 

The redshift space clustering tends to flatten the 3PCF, with FOFR4 displaying 
an extreme case of this.

real space z-space
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Fig. 3. left: The halo 3PCF for the 8 simulations using the triangular configuration of s=2Mpc/h, q=1, in real space. The full 3PCF is
shown in the top panel while the relative di↵erence compared to ⇤CDM is below. right: Same as right hand panel, but in redshift space.

Fig. 4. Same as Fig.3 with triangular configuration with s=3Mpc/h, q=2
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Fig. 3. left: The halo 3PCF for the 8 simulations using the triangular configuration of s=2Mpc/h, q=1, in real space. The full 3PCF is
shown in the top panel while the relative di↵erence compared to ⇤CDM is below. right: Same as right hand panel, but in redshift space.
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I hope to update this work using other modified gravity 
models and larger simulations. Let me know if you are 
interested! “You only lose what you cling to.” – 

Buddha
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Pure Alcock-Paczynski Measure
Theoretically the  
geometric distortions of the 
AP effect can be modeled 
exactly:

DA, H vary peak positions 
off the BAO ring. 
 

10% variation 
in DA

10% variation 
in H

We want to avoid fitting the full shape of the 
anisotropic correlation function, as it depends on 
unknown systematic and physics, like scale 
dependent bias, etc. 

A cleaner method would be to just measure the 
shape of the BAO ring.

We can do this by looking at many thin wedges in 
this 2D projection, i.e. many ‘directionally 
constrained’ 1-D correlation functions.
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ter, respectively. In the particular case of a flat universe with
constant dark energy EoS, they take the forms of

H(z) = H
0

q
⌦ma�3 + (1� ⌦m)a�3(1+w),

DA(z) =
1

1 + z
r(z) =

1
1 + z

Z z

0

dz0

H(z0)
, (2)

where a = 1/(1 + z) is the cosmic scale factor, H
0

is the
present value of Hubble parameter and r(z) is the comoving
distance.

The observed distance between two galaxies r defined
assuming a fiducial or reference cosmological model, and the
observed cosine of the angle the pair makes with respect to
the los µ are given by

r2 = r2|| + r2?; µ =
r||
r

(3)

where r|| is the los separation and r? is the transverse sep-
aration. The estimate of these separations is dependent on
the assumed cosmology model.

We estimate the 2-point correlation function (2PCF)
in reshift-space and in the anisotropic s, µ-decomposition.
The correlation functions are calculated using the “Landy-
Szalay” estimator,

⇠(s, µ) =
DD(s, µ)� 2DR(s, µ) +RR(s, µ)

RR(s, µ)
, (4)

where DD is the number of galaxy–galaxy pairs, DR the
number of galaxy-random pairs, and RR is the number of
random–random pairs, all separated by a distance s ± �s
and angle µ±�µ. The pair counts are normalised since we
use 20 times as many randoms and data point to reduce shot
noise contributions to the correlation estimation.

We can model the correlation function well using,

⇠µ(s)⇥ s2 = A.s2 +B.s+ Ee�(s�D)

2/C + F, (5)

which is just a quadratic function plus a gaussian (for the
BAO peak). In our work the focus will be on constraining
the scale parameter, D, as a function of the anisotropy angle,
µ.

In Fig.1 we show the 2PCF, ⇠(s) for various µ values. In
all µ-directions the BAO feature is clearly seen. These corre-
lation functions are the average of 16 2LPT mocks CMASS
samples in the redshift range 0.43 < z < 0.7.

In Fig.2 we show the values of D obtained from fitting
the model of Eq5 to the measured ⇠ curves of Fig.1. The
fitting was done using a 20,000 chain mcmc. The fitting was
done of the range 70 < s[Mpc/h] < 150, sampled in 1 Mpc/h
bins. The errors on the measurements were assumed to be
small, 1%. The obtains errors are due to a combination of
the assumed measurement errors and the tension in from the
model with the data. The straight line plus gaussian model
may be too inflexible to obtains the desired fit thus allowing
degeneracies to widen the constraints on the parameters.

The general expression for an ellipse in polar coordi-
nates is,

r(✓) =
abp

(a cos ✓)2 + (b sin ✓)2
(6)

where a and b are the semi-major and semi-minor axes re-
spectively.

If we now fit the above elliptic equation to the data
points with errors as see in Fig.2 we can obtain constraints
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Figure 1. We plot ⇠(s) for various values of µ. The black squares

from top to bottom correspond to µ=0.9167, 0.7500, 0.5833,

0.4167, 0.2500, 0.0833, respectively. The black dashed line cor-

responds to eq.5.
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Figure 2. The obtained values of the scaling parameter, D, as a

function of los angle µ. The values and errorbars were obtained

from an mcmc analysis.

on the values of a and b which represent our scaling param-
eter along the line of sight, D// and across the line of sight,
D?. The 1- and 2-sigma constraints are represented in Fig.3.

3 BAO PEAK STRUCTURE SENSITIVITIES

The BAO ring will remain unchanged due to the overall am-
plitude shift induced by variations in galaxy bias. However
it should be checked how the peak structure is e↵ected when
we consider finger-of-god distortions, non-linear growth and,
variations in the overall shape induced by unknown h and
of course the AP e↵ect. We wish to isolate the latter ef-
fect since it encodes distance information which in turn can
inform is of the expansion history.
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where r|| is the los separation and r? is the transverse sep-
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We estimate the 2-point correlation function (2PCF)
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The correlation functions are calculated using the “Landy-
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random–random pairs, all separated by a distance s ± �s
and angle µ±�µ. The pair counts are normalised since we
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noise contributions to the correlation estimation.
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which is just a quadratic function plus a gaussian (for the
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In Fig.1 we show the 2PCF, ⇠(s) for various µ values. In
all µ-directions the BAO feature is clearly seen. These corre-
lation functions are the average of 16 2LPT mocks CMASS
samples in the redshift range 0.43 < z < 0.7.

In Fig.2 we show the values of D obtained from fitting
the model of Eq5 to the measured ⇠ curves of Fig.1. The
fitting was done using a 20,000 chain mcmc. The fitting was
done of the range 70 < s[Mpc/h] < 150, sampled in 1 Mpc/h
bins. The errors on the measurements were assumed to be
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the assumed measurement errors and the tension in from the
model with the data. The straight line plus gaussian model
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spectively.

If we now fit the above elliptic equation to the data
points with errors as see in Fig.2 we can obtain constraints
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from an mcmc analysis.

on the values of a and b which represent our scaling param-
eter along the line of sight, D// and across the line of sight,
D?. The 1- and 2-sigma constraints are represented in Fig.3.

3 BAO PEAK STRUCTURE SENSITIVITIES

The BAO ring will remain unchanged due to the overall am-
plitude shift induced by variations in galaxy bias. However
it should be checked how the peak structure is e↵ected when
we consider finger-of-god distortions, non-linear growth and,
variations in the overall shape induced by unknown h and
of course the AP e↵ect. We wish to isolate the latter ef-
fect since it encodes distance information which in turn can
inform is of the expansion history.
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ter, respectively. In the particular case of a flat universe with
constant dark energy EoS, they take the forms of

H(z) = H
0

q
⌦ma�3 + (1� ⌦m)a�3(1+w),

DA(z) =
1

1 + z
r(z) =

1
1 + z

Z z

0

dz0

H(z0)
, (2)

where a = 1/(1 + z) is the cosmic scale factor, H
0

is the
present value of Hubble parameter and r(z) is the comoving
distance.

The observed distance between two galaxies r defined
assuming a fiducial or reference cosmological model, and the
observed cosine of the angle the pair makes with respect to
the los µ are given by

r2 = r2|| + r2?; µ =
r||
r

(3)

where r|| is the los separation and r? is the transverse sep-
aration. The estimate of these separations is dependent on
the assumed cosmology model.

We estimate the 2-point correlation function (2PCF)
in reshift-space and in the anisotropic s, µ-decomposition.
The correlation functions are calculated using the “Landy-
Szalay” estimator,

⇠(s, µ) =
DD(s, µ)� 2DR(s, µ) +RR(s, µ)

RR(s, µ)
, (4)

where DD is the number of galaxy–galaxy pairs, DR the
number of galaxy-random pairs, and RR is the number of
random–random pairs, all separated by a distance s ± �s
and angle µ±�µ. The pair counts are normalised since we
use 20 times as many randoms and data point to reduce shot
noise contributions to the correlation estimation.

We can model the correlation function well using,

⇠µ(s)⇥ s2 = A.s2 +B.s+ Ee�(s�D)

2/C + F, (5)

which is just a quadratic function plus a gaussian (for the
BAO peak). In our work the focus will be on constraining
the scale parameter, D, as a function of the anisotropy angle,
µ.

In Fig.1 we show the 2PCF, ⇠(s) for various µ values. In
all µ-directions the BAO feature is clearly seen. These corre-
lation functions are the average of 16 2LPT mocks CMASS
samples in the redshift range 0.43 < z < 0.7.

In Fig.2 we show the values of D obtained from fitting
the model of Eq5 to the measured ⇠ curves of Fig.1. The
fitting was done using a 20,000 chain mcmc. The fitting was
done of the range 70 < s[Mpc/h] < 150, sampled in 1 Mpc/h
bins. The errors on the measurements were assumed to be
small, 1%. The obtains errors are due to a combination of
the assumed measurement errors and the tension in from the
model with the data. The straight line plus gaussian model
may be too inflexible to obtains the desired fit thus allowing
degeneracies to widen the constraints on the parameters.

The general expression for an ellipse in polar coordi-
nates is,

r(✓) =
abp

(a cos ✓)2 + (b sin ✓)2
(6)

where a and b are the semi-major and semi-minor axes re-
spectively.

If we now fit the above elliptic equation to the data
points with errors as see in Fig.2 we can obtain constraints
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Figure 2. The obtained values of the scaling parameter, D, as a

function of los angle µ. The values and errorbars were obtained

from an mcmc analysis.

on the values of a and b which represent our scaling param-
eter along the line of sight, D// and across the line of sight,
D?. The 1- and 2-sigma constraints are represented in Fig.3.

3 BAO PEAK STRUCTURE SENSITIVITIES

The BAO ring will remain unchanged due to the overall am-
plitude shift induced by variations in galaxy bias. However
it should be checked how the peak structure is e↵ected when
we consider finger-of-god distortions, non-linear growth and,
variations in the overall shape induced by unknown h and
of course the AP e↵ect. We wish to isolate the latter ef-
fect since it encodes distance information which in turn can
inform is of the expansion history.
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where a = 1/(1 + z) is the cosmic scale factor, H
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distance.
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where r|| is the los separation and r? is the transverse sep-
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We estimate the 2-point correlation function (2PCF)
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The correlation functions are calculated using the “Landy-
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and angle µ±�µ. The pair counts are normalised since we
use 20 times as many randoms and data point to reduce shot
noise contributions to the correlation estimation.

We can model the correlation function well using,

⇠µ(s)⇥ s2 = A.s2 +B.s+ Ee�(s�D)

2/C + F, (5)

which is just a quadratic function plus a gaussian (for the
BAO peak). In our work the focus will be on constraining
the scale parameter, D, as a function of the anisotropy angle,
µ.

In Fig.1 we show the 2PCF, ⇠(s) for various µ values. In
all µ-directions the BAO feature is clearly seen. These corre-
lation functions are the average of 16 2LPT mocks CMASS
samples in the redshift range 0.43 < z < 0.7.

In Fig.2 we show the values of D obtained from fitting
the model of Eq5 to the measured ⇠ curves of Fig.1. The
fitting was done using a 20,000 chain mcmc. The fitting was
done of the range 70 < s[Mpc/h] < 150, sampled in 1 Mpc/h
bins. The errors on the measurements were assumed to be
small, 1%. The obtains errors are due to a combination of
the assumed measurement errors and the tension in from the
model with the data. The straight line plus gaussian model
may be too inflexible to obtains the desired fit thus allowing
degeneracies to widen the constraints on the parameters.

The general expression for an ellipse in polar coordi-
nates is,

r(✓) =
abp

(a cos ✓)2 + (b sin ✓)2
(6)

where a and b are the semi-major and semi-minor axes re-
spectively.

If we now fit the above elliptic equation to the data
points with errors as see in Fig.2 we can obtain constraints
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on the values of a and b which represent our scaling param-
eter along the line of sight, D// and across the line of sight,
D?. The 1- and 2-sigma constraints are represented in Fig.3.

3 BAO PEAK STRUCTURE SENSITIVITIES

The BAO ring will remain unchanged due to the overall am-
plitude shift induced by variations in galaxy bias. However
it should be checked how the peak structure is e↵ected when
we consider finger-of-god distortions, non-linear growth and,
variations in the overall shape induced by unknown h and
of course the AP e↵ect. We wish to isolate the latter ef-
fect since it encodes distance information which in turn can
inform is of the expansion history.
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done of the range 70 < s[Mpc/h] < 150, sampled in 1 Mpc/h
bins. The errors on the measurements were assumed to be
small, 1%. The obtains errors are due to a combination
of the assumed measurement errors and the tension in the
model with the data. The straight line plus gaussian model
may be too inflexible to obtaint the desired fit thus allowing
degeneracies to widen the constraints on the parameters.

The general expression for an ellipse in polar coordi-
nates is,

D(µ) =
D?.D||q

(D?.µ)2 +D2

||(1� µ2)
(6)

where D? and D|| are the two distance measures that
uniquely define the ellipse. In our work we will directly re-
lated these distance quantities to geometrical cosmological
quantities, such that D?.

The D? and D||will be measured in the fiducial model
and compared to those measured from observation. Thus
allowing constraints on two geometrical cosmological quan-
tities,

H�1

obs

= H�1

fid

D||,fid

D||,obs
,

D
A,obs

= D
A,fid

D?,fid

D?,obs

. (7)

However for the above relations to be considered un-
biased estimators, the extracted distances from the fiducial
model must be free from systematic uncertainties associ-
ated with our incomplete knowledge of galaxy clustering.
The systematics will be investigated in the next section.

3 MEASURING THE BAO IN LOW
RESOLUTION EXPERIMENT

The initial matter-energy fluctuations cause to generate
sources for baryon acoustic wave propagated in the photon-
electron-baryon plasma of the early universe. This acous-
tic wave travels, before it stops at the epoch of recombina-

σ [Mpc]

π
 
[
M
p
c
]

50 100 150 200

20

40

60

80

100

120

140

160

180

200

Figure 2. The obtained values of the scaling parameter, D, as a

function of � and ⇡. The values and errorbars were obtained from

an mcmc analysis. The background contours show the theoretical

model of the 2-dimensional 2PCF.

tion. The initial density peak of excess of matter observed
at last scattering surface remains at the galaxy clustering
at late epoch. This distance provides a standard ruler to
determine both transverse and radial distances. In practice,
there are nuisance systematic uncertainties which prevent us
from directly accessing to primeval BAO signature. Those
systematics are classified into uncertainties due to the bi-
ased galaxy clustering to dark matter fluctuations, the non–
perturbative e↵ect from random velocities, and the unknown
theoretical model of dark energy at late time. The methodol-
ogy has been extensively developed to probe primeval BAO
structure after marginalising all those nuisance parameters.
The measured distances through simultaneous determina-
tion of all others are proved to be useful for diverse classes
of theoretical models, but the determination is still model–
dependent. We are interested in the opposite direction in
which we remove those systematics from our analysis, in-
stead of adding it to the analysis.

3.1 Fiducial model

The fiducial distances of D
A

and H�1 are provided by the-
oretical RSD modelling using the perturbation theory. In
computing the RSD power spectrum, we need to properly
take into account the e↵ect of nonlinear gravitational evo-
lution for the auto- and cross-power spectra P

XY

(k). Since
the standard perturbation theory is known to produce ill-
behaved expansion leading to the bad UV behavior, a consis-
tent calculation of the correlation function should be made
with an improved perturbation theory that includes appro-
priate UV regularization. Here, we apply the resummed per-
turbation theory called RegPT (Taruya et al. 2012), and fol-
lowing the prescription described in (Taruya, Nishimichi &
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done of the range 70 < s[Mpc/h] < 150, sampled in 1 Mpc/h
bins. The errors on the measurements were assumed to be
small, 1%. The obtains errors are due to a combination
of the assumed measurement errors and the tension in the
model with the data. The straight line plus gaussian model
may be too inflexible to obtaint the desired fit thus allowing
degeneracies to widen the constraints on the parameters.
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lated these distance quantities to geometrical cosmological
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However for the above relations to be considered un-
biased estimators, the extracted distances from the fiducial
model must be free from systematic uncertainties associ-
ated with our incomplete knowledge of galaxy clustering.
The systematics will be investigated in the next section.
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tion. The initial density peak of excess of matter observed
at last scattering surface remains at the galaxy clustering
at late epoch. This distance provides a standard ruler to
determine both transverse and radial distances. In practice,
there are nuisance systematic uncertainties which prevent us
from directly accessing to primeval BAO signature. Those
systematics are classified into uncertainties due to the bi-
ased galaxy clustering to dark matter fluctuations, the non–
perturbative e↵ect from random velocities, and the unknown
theoretical model of dark energy at late time. The methodol-
ogy has been extensively developed to probe primeval BAO
structure after marginalising all those nuisance parameters.
The measured distances through simultaneous determina-
tion of all others are proved to be useful for diverse classes
of theoretical models, but the determination is still model–
dependent. We are interested in the opposite direction in
which we remove those systematics from our analysis, in-
stead of adding it to the analysis.

3.1 Fiducial model

The fiducial distances of D
A

and H�1 are provided by the-
oretical RSD modelling using the perturbation theory. In
computing the RSD power spectrum, we need to properly
take into account the e↵ect of nonlinear gravitational evo-
lution for the auto- and cross-power spectra P

XY

(k). Since
the standard perturbation theory is known to produce ill-
behaved expansion leading to the bad UV behavior, a consis-
tent calculation of the correlation function should be made
with an improved perturbation theory that includes appro-
priate UV regularization. Here, we apply the resummed per-
turbation theory called RegPT (Taruya et al. 2012), and fol-
lowing the prescription described in (Taruya, Nishimichi &
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ter, respectively. In the particular case of a flat universe with
constant dark energy EoS, they take the forms of

H(z) = H
0
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⌦ma�3 + (1� ⌦m)a�3(1+w),

DA(z) =
1

1 + z
r(z) =

1
1 + z

Z z
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dz0

H(z0)
, (2)

where a = 1/(1 + z) is the cosmic scale factor, H
0

is the
present value of Hubble parameter and r(z) is the comoving
distance.

The observed distance between two galaxies r defined
assuming a fiducial or reference cosmological model, and the
observed cosine of the angle the pair makes with respect to
the los µ are given by

r2 = r2|| + r2?; µ =
r||
r

(3)

where r|| is the los separation and r? is the transverse sep-
aration. The estimate of these separations is dependent on
the assumed cosmology model.

We estimate the 2-point correlation function (2PCF)
in reshift-space and in the anisotropic s, µ-decomposition.
The correlation functions are calculated using the “Landy-
Szalay” estimator,

⇠(s, µ) =
DD(s, µ)� 2DR(s, µ) +RR(s, µ)

RR(s, µ)
, (4)

where DD is the number of galaxy–galaxy pairs, DR the
number of galaxy-random pairs, and RR is the number of
random–random pairs, all separated by a distance s ± �s
and angle µ±�µ. The pair counts are normalised since we
use 20 times as many randoms and data point to reduce shot
noise contributions to the correlation estimation.

We can model the correlation function well using,

⇠µ(s)⇥ s2 = A.s2 +B.s+ Ee�(s�D)

2/C + F, (5)

which is just a quadratic function plus a gaussian (for the
BAO peak). In our work the focus will be on constraining
the scale parameter, D, as a function of the anisotropy angle,
µ.

In Fig.1 we show the 2PCF, ⇠(s) for various µ values. In
all µ-directions the BAO feature is clearly seen. These corre-
lation functions are the average of 16 2LPT mocks CMASS
samples in the redshift range 0.43 < z < 0.7.

In Fig.2 we show the values of D obtained from fitting
the model of Eq5 to the measured ⇠ curves of Fig.1. The
fitting was done using a 20,000 chain mcmc. The fitting was
done of the range 70 < s[Mpc/h] < 150, sampled in 1 Mpc/h
bins. The errors on the measurements were assumed to be
small, 1%. The obtains errors are due to a combination of
the assumed measurement errors and the tension in from the
model with the data. The straight line plus gaussian model
may be too inflexible to obtains the desired fit thus allowing
degeneracies to widen the constraints on the parameters.

The general expression for an ellipse in polar coordi-
nates is,

r(✓) =
abp

(a cos ✓)2 + (b sin ✓)2
(6)

where a and b are the semi-major and semi-minor axes re-
spectively.

If we now fit the above elliptic equation to the data
points with errors as see in Fig.2 we can obtain constraints
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from an mcmc analysis.

on the values of a and b which represent our scaling param-
eter along the line of sight, D// and across the line of sight,
D?. The 1- and 2-sigma constraints are represented in Fig.3.

3 BAO PEAK STRUCTURE SENSITIVITIES

The BAO ring will remain unchanged due to the overall am-
plitude shift induced by variations in galaxy bias. However
it should be checked how the peak structure is e↵ected when
we consider finger-of-god distortions, non-linear growth and,
variations in the overall shape induced by unknown h and
of course the AP e↵ect. We wish to isolate the latter ef-
fect since it encodes distance information which in turn can
inform is of the expansion history.

c� 0000 RAS, MNRAS 000, 000–000

Cosmology Group at  
Korea Astronomy and Space Science Institute

Next we create theoretical 
models that include different 
systematics and and 
observational effects.

In the fiducial case we obtain a 
simultaneous measurement of 
DA and H-1

Lord of the (BAO) Ring 3

D
/
/
 
[
M
p
c
/
h
]

D
⊥
 [Mpc/h]

102 103 104 105 106
102

102.5

103

103.5

104

104.5

105

105.5

106

Figure 3. Contour of 1- and 2-sigma for the fitting of Eq.6.

D
⊥
 [Mpc/h]

D
|
|
 
[
M
p
c
/
h
]

 

 

102 103 104 105 106 107 108 109 110 111

102

103

104

105

106

107

108

xi−sigma−pi−fid

xi−sigma−pi−hp−3

Figure 4. Contour of 1- and 2-sigma for the fitting of Eq.6.

3.1 Velocities

We first consider the fingers-of-god e↵ect where the galaxy
distribution is elongated in redshift space, with an axis of
elongation pointed toward the observer. It is caused by a
Doppler shift associated with the random peculiar velocities
of galaxies bound in structures such as clusters. The devi-
ation from the Hubble’s law relationship between distance
and redshift is altered, and this leads to inaccurate distance
measurements.

We now proceed to check if the FoG distortion e↵ects
the BAO peak position. In Fig.5 we show the derived dis-
tance measurements using models with various �v choices,
of 0, 2, 4, 6, 8 Mpc/h. We find no significant trend or devi-
ation with these values of �v with either D// or D? and all
measurements lie within a 1% error margin.

3.2 Non-linear

Comparing linear theory prediction with RegPT ref ref
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3.3 Hubble value

In Fig.6 we show the e↵ect of changing the hubble constant
in the primordial spectra on the derived distance measures.
However we do not include the AP distortion in this theo-
retical template. We find that variations of ±6Mpc in h do
not alter the obtained values of D// and D?.

3.4 Bias

In Fig.7 we show the e↵ect of changing the bias factor of
the theoretical 2pcf on the derived distance measures. Since
the bias a linear we should not expect a shift in the BAO
peak position however we investigate this change in the case
that our minimal model can still fit the peak position with-
out introducing any systematic variation due to inaccurate
fitting. We find that values of b = 1.2, 1.4,1.6, 1.8 all give
consistent values of D// and D?.

3.5 Alcock-Paczynski

The AP e↵ect is now included ....
In Fig.8 we
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Figure 4. Left panel: We show equi-clustering contours for 3 bias models with b = 1.5, 2.0, 2.5 represented by dotted, solid and dash

contours respectively. Right panel: Same as the left panel but now we plot 3 di↵erent FoG models with �
v

= 2, 8, 11 Mpc, represented

by solid, dash and dotted contours.

In a simple case we can assume that this FoG is given
as a factorized form, and multiplied as :

P̃ (~k) = DP

FoG

(~k)P̃ lin(~k) . (12)

The DP

FoG

(~k) is given by the Gaussian form as,

DP

FoG

(~k) = exp
⇥
� (kµ�

v

)2
⇤
, (13)

where �
v

denotes the dispersion of the one-point velocity
PDF along one-dimension. When (kµ�

v

)2 ⌧ 1, the leading
order term of Eq. (12) is dominant over all other higher
orders, and the estimated errors are immune from the exact
functional form of Eq. (12).

We now proceed to check if the FoG distortion e↵ects
the BAO peak position. In the table below we show the
derived distance measurements using models with various
�
v

choices, of 2, 5, 8, 11, 15 Mpc. The theoretical ⇠(�,⇡)
is presented in the right panel of Fig. 4. It is di�cult to
find the deviation from the figure. However, the measured
H�1 is possibly biased by a couple of percentage level. When
we consider the low resolution map such as BOSS, it would
not be much influential. But when we fit the high resolution
experiment such as DESI, we have to marginalise FoG e↵ect.
For the measured D

A

, it is again immune from the FoG
e↵ect. The detailed results are presented below.

�
v

(Mpc) D
A

(Mpc) H�1 (Mpc)
2 1392.47 ( -0.19 %) 3253.96 ( 0.59%)
5 (fid) 1395.18 ( 0.00 %) 3234.76 ( 0.00 %)
8 1395.18 ( 0.00 %) 3234.76 ( 0.00 %)
11 1397.99 ( 0.20 %) 3166.40 ( -2.11%)
15 1397.99 ( 0.20 %) 3077.53 ( -4.86%)

Note that the transverse distance is measured precisely
regardless of FoG e↵ect. In terms of D

A

, BAO remains as a
standard ruler independent of random velocity e↵ect. How-
ever, the determination of radial distance becomes uncertain
by FoG. In the weak contamination limit at �

v

. 10Mpc,
the systematic uncertainty is smaller than a couple of per-
cent. When we consider low resolution map such as BOSS
catalog, BAO remains as a standard ruler for the radial
distance as well. But in the strong contamination limit at

�
v

& 10Mpc, the determination of H�1 is not trustable. We
will discuss this further in the following section.

3.4 Standard ruler against variation of
cosmological model

The primeval matter-energy fluctuations are assumed to be
known by CMB experiments. We test whether it is su�cient
for determining distances through observed BAO peaks. In
the context of standard cosmology, the shape of spectra is
determined before the last scattering surface, and in linear
theory, it evolves coherently through all scales. The history
of structure formation evolution is divided into two regimes;
epochs before matter–radiation equality and a later epoch of
coherent evolution of unknown e↵ect on structure formation
from new physics.

True cosmological model can be di↵erent from the fidu-
cial model, but it satisfies with the given CMB prior. If we
lives in ⇤CDM universe, but the fiducial cosmology is not
consistent with the true cosmology. There is only one de-
grees of freedom to vary with the imposed CMB priors. Here
we vary H

0

to remain !
b

and !
m

unchanged. Two di↵erent
cosmologies with the same BAO structure are tested in the
table below. We test H

0

= 61 km/s/Mpc and 73 km/s/Mpc
cases. If those cases are considered as the fiducial model,
we would not find any di↵erence in the measured distances,
within 0.2%. The BAO indeed remains as a standard ruler
against variation of cosmological model, as far as those stem
from the same primeval spectra at the last scattering sur-
face. It suggests that BAO will probe the true distances
regardless of the fiducial models used.

⌦
⇤

D
A

(% fiducial) H�1 (% fiducial)
0.62 1493.08 ( -0.19%) 3396.97 ( 0.20%)
0.68 1395.18 ( 0.00 %) 3234.76 ( 0.00%)
0.73 1395.18 ( 0.00 %) 3234.76 ( 0.00%)

In Fig.5 we show the clustering contours for ⌦
⇤

= 0.62,
0.73. We see that variations in ⌦

⇤

lead to shifts in the con-
tours but as we determined and presented in the table above,
the BAO ring shape is not a↵ected.
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Figure 3. We compare ⇠
s

(�,⇡) calculated using linear theory

(solid contours) and non–linear theoretical model (dash contours).

The levels of contours are given by [0.1, 0.02, 0.005, 0.001,�0.003].

level which are summarised in the tables below. This shift
nessecarily requires us to model the clustering using non-
linear templates even at large scales near the BAO peak
position. However, BAO ring is observed relatively at large
scales about 150Mpc in which the perturbative theory pre-
dicts the dominant higher order non–linear corrections in
precision. BAO remains as a standard ruler as far as the
non–linear corrections are predictable.

Template D|| D?
linear 152.12 153.33
RegPT 153.33 154.54

The contamination due to the randomness of velocity is
not formulated in the above perturbation theory. This e↵ect
dubbed as FoG (hereafter Finger of God) is phenomenolog-
ically given by Gaussian approximation as,

P̃ (k, µ) =
⇥
P
��

(k) + 2µ2P
�⇥

(k) + µ4P
⇥⇥

(k)
⇤
GFoG(kµ�

v

) , (8)

where GFoG is given by,

GFoG = exp
⇥
�(kµ�

v

)2
⇤
. (9)

Here �
v

denotes the velocity dispersion. Because we are
mainly interested in clustering about the BAO ring which is
most contributed from quasi linear scale spectra, the lead-
ing order of GFoG function is dominant over all other higher
order contributions. Thus the detailed functional form of
GFoG is not much important as far as the �

v

is assumed to
be undetermined. The fiducial value of �

v

is given by the
linear velocity dispersion of �

v

= 5Mpc. Once the power
spectrum has been computed, it is straightforward to com-
pute the correlation function. The redshift-space correlation
function ⇠

s

(�, µ) is generally expanded as

⇠
s

(�,⇡) =

Z
d3k

(2⇡)3
P̃ (k, µ)eik·s. (10)

Here we also consider the bias due to galaxy clustering. The
matter density field is replaced with the galaxy density field
by coherent bias factor b = 2. The systematic uncertainty
due to galaxy bias is examined in the next subsection.

The variation of measured D
A

and H�1 is presented

in the following subsections with respect to changes of all
nuisance systematics. The D? and Dk defined in Eq. 6 are
measured to be 154.5Mpc and 153.3Mpc for the fiducial
cosmology. Distances of D

A

and H�1 are calculated from
the fractional di↵erence in measured D? and Dk for each
systematic uncertainty case. The fiducial D

A

and H�1 at
z = 0.57 are 1395.2Mpc and 3234.8Mpc.

3.2 Galaxy bias

Although the theoretical model of galaxy clustering to dark
matter distribution is unknown, galaxy bias can be described
using the following phenomenological function which is given
by,

b(k) = b
0

1 +A
2

k2

1 +A
1

k
(11)

where b
0

denotes the coherent galaxy bias, and A
n

denote
the scale dependent bias parameters. The shape of ⇠(s, µ)
changes with the variation of A

n

, but there is little e↵ect
on outer contours at s > 100Mpc. The determination of D
indicating the location of BAO peaks is immune from the
scale dependent bias systematics. Therefore we mainly focus
on the e↵ect by coherent bias variation in this subsection.
The observed location of BAO peaks varies with di↵erent
b
0

, but we observe that the 2D BAO ring remains invariant.
In the table below we show the e↵ect of changing the linear
bias factor on the derived distance measures. Since the bias
only alters the amplitude of the clustering signal we should
not expect a shift in the BAO peak position. However we
investigate the change in bias in the case that our minimal
model can still fit the peak position without introducing any
systematic variation due to inaccurate fitting. We find that
values of b

0

= 1.5, 2.0, 2.5 all give consistent values of D?
and Dk and induce subpercent level shifts in D

A

and H�1.
In the left panel of Fig. 4, we present the ⇠(�,⇡) with

variation of bias. The solid, dash and dotted contours rep-
resent the ⇠(�,⇡) with b

0

= 1.5, 2.0 and 2.5 respectively. No
significant deviation of BAO ring is observed with variation
of coherent galaxy bias b. We present it more quantitatively
in the table below. The measured D

A

and H�1 does not
deviate more than 0.8% with respect to the variation of b

0

.
The fractional deviation is presented in the bracket. There-
fore we are able to measure distances through BAO ring
despite the unknown galaxy bias.

bias D
A

(Mpc) H�1(Mpc)
1.5 1395.18 ( 0.00 %) 3241.28 ( 0.20%)
2.0 (fid) 1395.18 ( 0.00 %) 3234.76 ( 0.00 %)
2.5 1384.29 ( -0.78%) 3234.76 ( 0.00%)

3.3 Non–perturbative e↵ect from randomness of
peculiar velocity

We first consider the fingers-of-god e↵ect where the galaxy
distribution is elongated in redshift space, with an axis of
elongation pointed toward the observer. It is caused by a
Doppler shift associated with the random peculiar velocities
of galaxies bound in structures such as clusters. The devi-
ation from the Hubble’s law relationship between distance
and redshift is altered, and this leads to inaccurate distance
measurements.
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Figure 4. Left panel: We show equi-clustering contours for 3 bias models with b = 1.5, 2.0, 2.5 represented by dotted, solid and dash

contours respectively. Right panel: Same as the left panel but now we plot 3 di↵erent FoG models with �
v

= 2, 8, 11 Mpc, represented

by solid, dash and dotted contours.

In a simple case we can assume that this FoG is given
as a factorized form, and multiplied as :

P̃ (~k) = DP

FoG

(~k)P̃ lin(~k) . (12)

The DP

FoG

(~k) is given by the Gaussian form as,

DP

FoG

(~k) = exp
⇥
� (kµ�

v

)2
⇤
, (13)

where �
v

denotes the dispersion of the one-point velocity
PDF along one-dimension. When (kµ�

v

)2 ⌧ 1, the leading
order term of Eq. (12) is dominant over all other higher
orders, and the estimated errors are immune from the exact
functional form of Eq. (12).

We now proceed to check if the FoG distortion e↵ects
the BAO peak position. In the table below we show the
derived distance measurements using models with various
�
v

choices, of 2, 5, 8, 11, 15 Mpc. The theoretical ⇠(�,⇡)
is presented in the right panel of Fig. 4. It is di�cult to
find the deviation from the figure. However, the measured
H�1 is possibly biased by a couple of percentage level. When
we consider the low resolution map such as BOSS, it would
not be much influential. But when we fit the high resolution
experiment such as DESI, we have to marginalise FoG e↵ect.
For the measured D

A

, it is again immune from the FoG
e↵ect. The detailed results are presented below.

�
v

(Mpc) D
A

(Mpc) H�1 (Mpc)
2 1392.47 ( -0.19 %) 3253.96 ( 0.59%)
5 (fid) 1395.18 ( 0.00 %) 3234.76 ( 0.00 %)
8 1395.18 ( 0.00 %) 3234.76 ( 0.00 %)
11 1397.99 ( 0.20 %) 3166.40 ( -2.11%)
15 1397.99 ( 0.20 %) 3077.53 ( -4.86%)

Note that the transverse distance is measured precisely
regardless of FoG e↵ect. In terms of D

A

, BAO remains as a
standard ruler independent of random velocity e↵ect. How-
ever, the determination of radial distance becomes uncertain
by FoG. In the weak contamination limit at �

v

. 10Mpc,
the systematic uncertainty is smaller than a couple of per-
cent. When we consider low resolution map such as BOSS
catalog, BAO remains as a standard ruler for the radial
distance as well. But in the strong contamination limit at

�
v

& 10Mpc, the determination of H�1 is not trustable. We
will discuss this further in the following section.

3.4 Standard ruler against variation of
cosmological model

The primeval matter-energy fluctuations are assumed to be
known by CMB experiments. We test whether it is su�cient
for determining distances through observed BAO peaks. In
the context of standard cosmology, the shape of spectra is
determined before the last scattering surface, and in linear
theory, it evolves coherently through all scales. The history
of structure formation evolution is divided into two regimes;
epochs before matter–radiation equality and a later epoch of
coherent evolution of unknown e↵ect on structure formation
from new physics.

True cosmological model can be di↵erent from the fidu-
cial model, but it satisfies with the given CMB prior. If we
lives in ⇤CDM universe, but the fiducial cosmology is not
consistent with the true cosmology. There is only one de-
grees of freedom to vary with the imposed CMB priors. Here
we vary H

0

to remain !
b

and !
m

unchanged. Two di↵erent
cosmologies with the same BAO structure are tested in the
table below. We test H

0

= 61 km/s/Mpc and 73 km/s/Mpc
cases. If those cases are considered as the fiducial model,
we would not find any di↵erence in the measured distances,
within 0.2%. The BAO indeed remains as a standard ruler
against variation of cosmological model, as far as those stem
from the same primeval spectra at the last scattering sur-
face. It suggests that BAO will probe the true distances
regardless of the fiducial models used.

⌦
⇤

D
A

(% fiducial) H�1 (% fiducial)
0.62 1493.08 ( -0.19%) 3396.97 ( 0.20%)
0.68 1395.18 ( 0.00 %) 3234.76 ( 0.00%)
0.73 1395.18 ( 0.00 %) 3234.76 ( 0.00%)

In Fig.5 we show the clustering contours for ⌦
⇤

= 0.62,
0.73. We see that variations in ⌦

⇤

lead to shifts in the con-
tours but as we determined and presented in the table above,
the BAO ring shape is not a↵ected.
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Figure 5. Equal clustering contours for three values of ⌦

⇤

. The

values ⌦

⇤

= 0.62, 0.68, 0.73 correspond to the dotted, solid and

dashed lines respectively.

Figure 6. The D(µ) curve for 4 values of �
v

= 2, 8, 11, 14 Mpc.

The dashed black lines are for 1 and 4% increase in H�1

.

⌦
⇤

D
A

(% fiducial) H�1 (% fiducial)
0.62 1493.08 ( -0.19%) 3396.97 ( 0.20%)
0.68 1395.18 ( 0.00 %) 3234.76 ( 0.00%)
0.73 1395.18 ( 0.00 %) 3234.76 ( 0.00%)

In Fig.5 we show the clustering contours for ⌦
⇤

= 0.62,
0.73. We see that variations in ⌦

⇤

lead to shifts in the con-
tours but as we determined and presented in the table above,
the BAO ring shape is not a↵ected.

4 MEASURING THE BAO IN HIGH
RESOLUTION EXPERIMENT

In Fig.6 we show the measured BAO peak position as a
function of µ for several values of �

v

. As we see, increasing
�
v

increases the BAO peak position near the los direction.
Unfortunately, this behaviour can also be mimicked by a
variation in H�1, which may hamper our attempts to mea-
sure H�1 alone. We see that a moderate value of �

v

= 8
can be confused with a 1% increase in H�1. This would

suggest that we may only be able to make constraints of
the combined quantity �

v

H�1. However, as we see in figure,
there is a crossing point in the D(µ) curves and that as �

v

is increase there is also a systematic decrease in D near the
perpendicular direct, which will influence the measurement
of D

A

. Thus if precise enough measurements can be made
there seems to be a possibility to model the FoG e↵ect on
the D(µ) curve and to correct the derived quantities D

A

and
H�1.

We now proceed to model the FoG e↵ect on the D(µ)
curve by fitting the function,

D(µ) = Dfid(µ) + ↵(µ) + �(µ)�2

v

, (14)

at each µ bin and determining the values of the fitting
parameters ↵ and �. We also check the cosmological
dependence by considering ⌦

⇤

= 0.62, 0.68, 0.73.

⌦⇤ 0.62 0.68 0.73
↵i �i ↵i �i ↵i �i

µi

0.08 -0.18 -0.004 -0.15 -0.004 -0.21 -0.004
0.25 0.21 -0.003 0.07 -0.002 0.10 -0.002
0.42 -0.17 0.002 -0.10 0.002 -0.09 0.002
0.58 -0.51 0.009 -0.47 0.010 -0.42 0.009
0.75 -0.77 0.018 -0.68 0.018 -0.65 0.018
0.92 -1.07 0.027 -0.88 0.026 -0.89 0.027

Using the fitting formula of Eq.14 and the parameters
in the above table, we proceed to check whether the input
parameters can be recovered. Taking the case of a model
with �

v

= 11Mpc, b=2.0 and in the fiducial cosmology
which corresponds to ⌦

⇤

= 0.68 we recover the cosmolog-
ical observables D

A

and H�1 with and without correcting
for the FoG e↵ect. When we do not correct for FoG we ob-
tain D

A

= 1397.91 and H�1 = 3172.44 which correspond to
a 0.20% and -1.93% shift respectively. While correcting for
the FoG we obtain D

A

= 1394.96 ( -0.02% deviation) and
H�1 = 3215.85 ( -0.58% deviation), while recovering a value
of �

v

= 10.13Mpc (-8% deviation from input value).
As the table above suggests the cosmological depen-

dence on the fitting function is negligible. We can check this
by assuming an incorrect cosmology for the fitting func-
tion and determining the impact on our recovered values
of D

A

and H�1 in the fiducial model. If we take the fit-
ting functions for a cosmology with ⌦

⇤

= 0.73 we obtain
D

A

= 1394.96 ( -0.02%) and H�1 = 3215.85 ( -0.58%) and
�
v

= 9.72Mpc (-12% deviation from input value).
As we have shown, even in the case of high �

v

, we can
recover the input cosmological observables D

A

and H�1 to
better than percent level accuracy while also constraining �

v

itself, albeit to a lesser accuracy of 10%. In the next section
we will apply this methodology to simulated data and in
both a low resolution limit similar to currently available data
and a high resolution, precision, limit comparable to future
data like DESI and LSST.

5 TESTS ON SIMULATED DATA

In this section we test our methodology on simulated mock
data and check if we can recover the fiducial parameters.

5.1 Simulations and covariance matrices

In order to check the validity of our overall approach, we
test it against simulations. We use the PTHALO mock galaxy
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Figure 5. Equal clustering contours for three values of ⌦

⇤

. The

values ⌦

⇤

= 0.62, 0.68, 0.73 correspond to the dotted, solid and

dashed lines respectively.

Figure 6. The D(µ) curve for 4 values of �
v

= 2, 8, 11, 14 Mpc.

The dashed black lines are for 1 and 4% increase in H�1

.

⌦
⇤

D
A

(% fiducial) H�1 (% fiducial)
0.62 1493.08 ( -0.19%) 3396.97 ( 0.20%)
0.68 1395.18 ( 0.00 %) 3234.76 ( 0.00%)
0.73 1395.18 ( 0.00 %) 3234.76 ( 0.00%)

In Fig.5 we show the clustering contours for ⌦
⇤

= 0.62,
0.73. We see that variations in ⌦

⇤

lead to shifts in the con-
tours but as we determined and presented in the table above,
the BAO ring shape is not a↵ected.

4 MEASURING THE BAO IN HIGH
RESOLUTION EXPERIMENT

In Fig.6 we show the measured BAO peak position as a
function of µ for several values of �

v

. As we see, increasing
�
v

increases the BAO peak position near the los direction.
Unfortunately, this behaviour can also be mimicked by a
variation in H�1, which may hamper our attempts to mea-
sure H�1 alone. We see that a moderate value of �

v

= 8
can be confused with a 1% increase in H�1. This would

suggest that we may only be able to make constraints of
the combined quantity �

v

H�1. However, as we see in figure,
there is a crossing point in the D(µ) curves and that as �

v

is increase there is also a systematic decrease in D near the
perpendicular direct, which will influence the measurement
of D

A

. Thus if precise enough measurements can be made
there seems to be a possibility to model the FoG e↵ect on
the D(µ) curve and to correct the derived quantities D

A

and
H�1.

We now proceed to model the FoG e↵ect on the D(µ)
curve by fitting the function,

D(µ) = Dfid(µ) + ↵(µ) + �(µ)�2

v

, (14)

at each µ bin and determining the values of the fitting
parameters ↵ and �. We also check the cosmological
dependence by considering ⌦

⇤

= 0.62, 0.68, 0.73.

⌦⇤ 0.62 0.68 0.73
↵i �i ↵i �i ↵i �i

µi

0.08 -0.18 -0.004 -0.15 -0.004 -0.21 -0.004
0.25 0.21 -0.003 0.07 -0.002 0.10 -0.002
0.42 -0.17 0.002 -0.10 0.002 -0.09 0.002
0.58 -0.51 0.009 -0.47 0.010 -0.42 0.009
0.75 -0.77 0.018 -0.68 0.018 -0.65 0.018
0.92 -1.07 0.027 -0.88 0.026 -0.89 0.027

Using the fitting formula of Eq.14 and the parameters
in the above table, we proceed to check whether the input
parameters can be recovered. Taking the case of a model
with �

v

= 11Mpc, b=2.0 and in the fiducial cosmology
which corresponds to ⌦

⇤

= 0.68 we recover the cosmolog-
ical observables D

A

and H�1 with and without correcting
for the FoG e↵ect. When we do not correct for FoG we ob-
tain D

A

= 1397.91 and H�1 = 3172.44 which correspond to
a 0.20% and -1.93% shift respectively. While correcting for
the FoG we obtain D

A

= 1394.96 ( -0.02% deviation) and
H�1 = 3215.85 ( -0.58% deviation), while recovering a value
of �

v

= 10.13Mpc (-8% deviation from input value).
As the table above suggests the cosmological depen-

dence on the fitting function is negligible. We can check this
by assuming an incorrect cosmology for the fitting func-
tion and determining the impact on our recovered values
of D

A

and H�1 in the fiducial model. If we take the fit-
ting functions for a cosmology with ⌦

⇤

= 0.73 we obtain
D

A

= 1394.96 ( -0.02%) and H�1 = 3215.85 ( -0.58%) and
�
v

= 9.72Mpc (-12% deviation from input value).
As we have shown, even in the case of high �

v

, we can
recover the input cosmological observables D

A

and H�1 to
better than percent level accuracy while also constraining �

v

itself, albeit to a lesser accuracy of 10%. In the next section
we will apply this methodology to simulated data and in
both a low resolution limit similar to currently available data
and a high resolution, precision, limit comparable to future
data like DESI and LSST.

5 TESTS ON SIMULATED DATA

In this section we test our methodology on simulated mock
data and check if we can recover the fiducial parameters.

5.1 Simulations and covariance matrices

In order to check the validity of our overall approach, we
test it against simulations. We use the PTHALO mock galaxy
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Figure 5. Equal clustering contours for three values of ⌦

⇤

. The

values ⌦

⇤

= 0.62, 0.68, 0.73 correspond to the dotted, solid and

dashed lines respectively.

Figure 6. The D(µ) curve for 4 values of �
v

= 2, 8, 11, 14 Mpc.

The dashed black lines are for 1 and 4% increase in H�1

.

⌦
⇤

D
A

(% fiducial) H�1 (% fiducial)
0.62 1493.08 ( -0.19%) 3396.97 ( 0.20%)
0.68 1395.18 ( 0.00 %) 3234.76 ( 0.00%)
0.73 1395.18 ( 0.00 %) 3234.76 ( 0.00%)

In Fig.5 we show the clustering contours for ⌦
⇤

= 0.62,
0.73. We see that variations in ⌦

⇤

lead to shifts in the con-
tours but as we determined and presented in the table above,
the BAO ring shape is not a↵ected.

4 MEASURING THE BAO IN HIGH
RESOLUTION EXPERIMENT

In Fig.6 we show the measured BAO peak position as a
function of µ for several values of �

v

. As we see, increasing
�
v

increases the BAO peak position near the los direction.
Unfortunately, this behaviour can also be mimicked by a
variation in H�1, which may hamper our attempts to mea-
sure H�1 alone. We see that a moderate value of �

v

= 8
can be confused with a 1% increase in H�1. This would

suggest that we may only be able to make constraints of
the combined quantity �

v

H�1. However, as we see in figure,
there is a crossing point in the D(µ) curves and that as �

v

is increase there is also a systematic decrease in D near the
perpendicular direct, which will influence the measurement
of D

A

. Thus if precise enough measurements can be made
there seems to be a possibility to model the FoG e↵ect on
the D(µ) curve and to correct the derived quantities D

A

and
H�1.

We now proceed to model the FoG e↵ect on the D(µ)
curve by fitting the function,

D(µ) = Dfid(µ) + ↵(µ) + �(µ)�2

v

, (14)

at each µ bin and determining the values of the fitting
parameters ↵ and �. We also check the cosmological
dependence by considering ⌦

⇤

= 0.62, 0.68, 0.73.

⌦⇤ 0.62 0.68 0.73
↵i �i ↵i �i ↵i �i

µi

0.08 -0.18 -0.004 -0.15 -0.004 -0.21 -0.004
0.25 0.21 -0.003 0.07 -0.002 0.10 -0.002
0.42 -0.17 0.002 -0.10 0.002 -0.09 0.002
0.58 -0.51 0.009 -0.47 0.010 -0.42 0.009
0.75 -0.77 0.018 -0.68 0.018 -0.65 0.018
0.92 -1.07 0.027 -0.88 0.026 -0.89 0.027

Using the fitting formula of Eq.14 and the parameters
in the above table, we proceed to check whether the input
parameters can be recovered. Taking the case of a model
with �

v

= 11Mpc, b=2.0 and in the fiducial cosmology
which corresponds to ⌦

⇤

= 0.68 we recover the cosmolog-
ical observables D

A

and H�1 with and without correcting
for the FoG e↵ect. When we do not correct for FoG we ob-
tain D

A

= 1397.91 and H�1 = 3172.44 which correspond to
a 0.20% and -1.93% shift respectively. While correcting for
the FoG we obtain D

A

= 1394.96 ( -0.02% deviation) and
H�1 = 3215.85 ( -0.58% deviation), while recovering a value
of �

v

= 10.13Mpc (-8% deviation from input value).
As the table above suggests the cosmological depen-

dence on the fitting function is negligible. We can check this
by assuming an incorrect cosmology for the fitting func-
tion and determining the impact on our recovered values
of D

A

and H�1 in the fiducial model. If we take the fit-
ting functions for a cosmology with ⌦

⇤

= 0.73 we obtain
D

A

= 1394.96 ( -0.02%) and H�1 = 3215.85 ( -0.58%) and
�
v

= 9.72Mpc (-12% deviation from input value).
As we have shown, even in the case of high �

v

, we can
recover the input cosmological observables D

A

and H�1 to
better than percent level accuracy while also constraining �

v

itself, albeit to a lesser accuracy of 10%. In the next section
we will apply this methodology to simulated data and in
both a low resolution limit similar to currently available data
and a high resolution, precision, limit comparable to future
data like DESI and LSST.

5 TESTS ON SIMULATED DATA

In this section we test our methodology on simulated mock
data and check if we can recover the fiducial parameters.

5.1 Simulations and covariance matrices

In order to check the validity of our overall approach, we
test it against simulations. We use the PTHALO mock galaxy
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Figure 5. Equal clustering contours for three values of ⌦

⇤

. The

values ⌦

⇤

= 0.62, 0.68, 0.73 correspond to the dotted, solid and

dashed lines respectively.

Figure 6. The D(µ) curve for 4 values of �
v

= 2, 8, 11, 14 Mpc.

The dashed black lines are for 1 and 4% increase in H�1

.

⌦
⇤

D
A

(% fiducial) H�1 (% fiducial)
0.62 1493.08 ( -0.19%) 3396.97 ( 0.20%)
0.68 1395.18 ( 0.00 %) 3234.76 ( 0.00%)
0.73 1395.18 ( 0.00 %) 3234.76 ( 0.00%)

In Fig.5 we show the clustering contours for ⌦
⇤

= 0.62,
0.73. We see that variations in ⌦

⇤

lead to shifts in the con-
tours but as we determined and presented in the table above,
the BAO ring shape is not a↵ected.

4 MEASURING THE BAO IN HIGH
RESOLUTION EXPERIMENT

In Fig.6 we show the measured BAO peak position as a
function of µ for several values of �

v

. As we see, increasing
�
v

increases the BAO peak position near the los direction.
Unfortunately, this behaviour can also be mimicked by a
variation in H�1, which may hamper our attempts to mea-
sure H�1 alone. We see that a moderate value of �

v

= 8
can be confused with a 1% increase in H�1. This would

suggest that we may only be able to make constraints of
the combined quantity �

v

H�1. However, as we see in figure,
there is a crossing point in the D(µ) curves and that as �

v

is increase there is also a systematic decrease in D near the
perpendicular direct, which will influence the measurement
of D

A

. Thus if precise enough measurements can be made
there seems to be a possibility to model the FoG e↵ect on
the D(µ) curve and to correct the derived quantities D

A

and
H�1.

We now proceed to model the FoG e↵ect on the D(µ)
curve by fitting the function,

D(µ) = Dfid(µ) + ↵(µ) + �(µ)�2

v

, (14)

at each µ bin and determining the values of the fitting
parameters ↵ and �. We also check the cosmological
dependence by considering ⌦

⇤

= 0.62, 0.68, 0.73.

⌦⇤ 0.62 0.68 0.73
↵i �i ↵i �i ↵i �i

µi

0.08 -0.18 -0.004 -0.15 -0.004 -0.21 -0.004
0.25 0.21 -0.003 0.07 -0.002 0.10 -0.002
0.42 -0.17 0.002 -0.10 0.002 -0.09 0.002
0.58 -0.51 0.009 -0.47 0.010 -0.42 0.009
0.75 -0.77 0.018 -0.68 0.018 -0.65 0.018
0.92 -1.07 0.027 -0.88 0.026 -0.89 0.027

Using the fitting formula of Eq.14 and the parameters
in the above table, we proceed to check whether the input
parameters can be recovered. Taking the case of a model
with �

v

= 11Mpc, b=2.0 and in the fiducial cosmology
which corresponds to ⌦

⇤

= 0.68 we recover the cosmolog-
ical observables D

A

and H�1 with and without correcting
for the FoG e↵ect. When we do not correct for FoG we ob-
tain D

A

= 1397.91 and H�1 = 3172.44 which correspond to
a 0.20% and -1.93% shift respectively. While correcting for
the FoG we obtain D

A

= 1394.96 ( -0.02% deviation) and
H�1 = 3215.85 ( -0.58% deviation), while recovering a value
of �

v

= 10.13Mpc (-8% deviation from input value).
As the table above suggests the cosmological depen-

dence on the fitting function is negligible. We can check this
by assuming an incorrect cosmology for the fitting func-
tion and determining the impact on our recovered values
of D

A

and H�1 in the fiducial model. If we take the fit-
ting functions for a cosmology with ⌦

⇤

= 0.73 we obtain
D

A

= 1394.96 ( -0.02%) and H�1 = 3215.85 ( -0.58%) and
�
v

= 9.72Mpc (-12% deviation from input value).
As we have shown, even in the case of high �

v

, we can
recover the input cosmological observables D

A

and H�1 to
better than percent level accuracy while also constraining �

v

itself, albeit to a lesser accuracy of 10%. In the next section
we will apply this methodology to simulated data and in
both a low resolution limit similar to currently available data
and a high resolution, precision, limit comparable to future
data like DESI and LSST.

5 TESTS ON SIMULATED DATA

In this section we test our methodology on simulated mock
data and check if we can recover the fiducial parameters.

5.1 Simulations and covariance matrices

In order to check the validity of our overall approach, we
test it against simulations. We use the PTHALO mock galaxy
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Figure 5. Equal clustering contours for three values of ⌦

⇤

. The

values ⌦

⇤

= 0.62, 0.68, 0.73 correspond to the dotted, solid and

dashed lines respectively.

Figure 6. The D(µ) curve for 4 values of �
v

= 2, 8, 11, 14 Mpc.

The dashed black lines are for 1 and 4% increase in H�1

.

⌦
⇤

D
A

(% fiducial) H�1 (% fiducial)
0.62 1493.08 ( -0.19%) 3396.97 ( 0.20%)
0.68 1395.18 ( 0.00 %) 3234.76 ( 0.00%)
0.73 1395.18 ( 0.00 %) 3234.76 ( 0.00%)

In Fig.5 we show the clustering contours for ⌦
⇤

= 0.62,
0.73. We see that variations in ⌦

⇤

lead to shifts in the con-
tours but as we determined and presented in the table above,
the BAO ring shape is not a↵ected.

4 MEASURING THE BAO IN HIGH
RESOLUTION EXPERIMENT

In Fig.6 we show the measured BAO peak position as a
function of µ for several values of �

v

. As we see, increasing
�
v

increases the BAO peak position near the los direction.
Unfortunately, this behaviour can also be mimicked by a
variation in H�1, which may hamper our attempts to mea-
sure H�1 alone. We see that a moderate value of �

v

= 8
can be confused with a 1% increase in H�1. This would

suggest that we may only be able to make constraints of
the combined quantity �

v

H�1. However, as we see in figure,
there is a crossing point in the D(µ) curves and that as �

v

is increase there is also a systematic decrease in D near the
perpendicular direct, which will influence the measurement
of D

A

. Thus if precise enough measurements can be made
there seems to be a possibility to model the FoG e↵ect on
the D(µ) curve and to correct the derived quantities D

A

and
H�1.

We now proceed to model the FoG e↵ect on the D(µ)
curve by fitting the function,

D(µ) = Dfid(µ) + ↵(µ) + �(µ)�2

v

, (14)

at each µ bin and determining the values of the fitting
parameters ↵ and �. We also check the cosmological
dependence by considering ⌦

⇤

= 0.62, 0.68, 0.73.

⌦⇤ 0.62 0.68 0.73
↵i �i ↵i �i ↵i �i

µi

0.08 -0.18 -0.004 -0.15 -0.004 -0.21 -0.004
0.25 0.21 -0.003 0.07 -0.002 0.10 -0.002
0.42 -0.17 0.002 -0.10 0.002 -0.09 0.002
0.58 -0.51 0.009 -0.47 0.010 -0.42 0.009
0.75 -0.77 0.018 -0.68 0.018 -0.65 0.018
0.92 -1.07 0.027 -0.88 0.026 -0.89 0.027

Using the fitting formula of Eq.14 and the parameters
in the above table, we proceed to check whether the input
parameters can be recovered. Taking the case of a model
with �

v

= 11Mpc, b=2.0 and in the fiducial cosmology
which corresponds to ⌦

⇤

= 0.68 we recover the cosmolog-
ical observables D

A

and H�1 with and without correcting
for the FoG e↵ect. When we do not correct for FoG we ob-
tain D

A

= 1397.91 and H�1 = 3172.44 which correspond to
a 0.20% and -1.93% shift respectively. While correcting for
the FoG we obtain D

A

= 1394.96 ( -0.02% deviation) and
H�1 = 3215.85 ( -0.58% deviation), while recovering a value
of �

v

= 10.13Mpc (-8% deviation from input value).
As the table above suggests the cosmological depen-

dence on the fitting function is negligible. We can check this
by assuming an incorrect cosmology for the fitting func-
tion and determining the impact on our recovered values
of D

A

and H�1 in the fiducial model. If we take the fit-
ting functions for a cosmology with ⌦

⇤

= 0.73 we obtain
D

A

= 1394.96 ( -0.02%) and H�1 = 3215.85 ( -0.58%) and
�
v

= 9.72Mpc (-12% deviation from input value).
As we have shown, even in the case of high �

v

, we can
recover the input cosmological observables D

A

and H�1 to
better than percent level accuracy while also constraining �

v

itself, albeit to a lesser accuracy of 10%. In the next section
we will apply this methodology to simulated data and in
both a low resolution limit similar to currently available data
and a high resolution, precision, limit comparable to future
data like DESI and LSST.

5 TESTS ON SIMULATED DATA

In this section we test our methodology on simulated mock
data and check if we can recover the fiducial parameters.

5.1 Simulations and covariance matrices

In order to check the validity of our overall approach, we
test it against simulations. We use the PTHALO mock galaxy
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Figure 5. Equal clustering contours for three values of ⌦

⇤

. The

values ⌦

⇤

= 0.62, 0.68, 0.73 correspond to the dotted, solid and

dashed lines respectively.

Figure 6. The D(µ) curve for 4 values of �
v

= 2, 8, 11, 14 Mpc.

The dashed black lines are for 1 and 4% increase in H�1

.

⌦
⇤

D
A

(% fiducial) H�1 (% fiducial)
0.62 1493.08 ( -0.19%) 3396.97 ( 0.20%)
0.68 1395.18 ( 0.00 %) 3234.76 ( 0.00%)
0.73 1395.18 ( 0.00 %) 3234.76 ( 0.00%)

In Fig.5 we show the clustering contours for ⌦
⇤

= 0.62,
0.73. We see that variations in ⌦

⇤

lead to shifts in the con-
tours but as we determined and presented in the table above,
the BAO ring shape is not a↵ected.

4 MEASURING THE BAO IN HIGH
RESOLUTION EXPERIMENT

In Fig.6 we show the measured BAO peak position as a
function of µ for several values of �

v

. As we see, increasing
�
v

increases the BAO peak position near the los direction.
Unfortunately, this behaviour can also be mimicked by a
variation in H�1, which may hamper our attempts to mea-
sure H�1 alone. We see that a moderate value of �

v

= 8
can be confused with a 1% increase in H�1. This would

suggest that we may only be able to make constraints of
the combined quantity �

v

H�1. However, as we see in figure,
there is a crossing point in the D(µ) curves and that as �

v

is increase there is also a systematic decrease in D near the
perpendicular direct, which will influence the measurement
of D

A

. Thus if precise enough measurements can be made
there seems to be a possibility to model the FoG e↵ect on
the D(µ) curve and to correct the derived quantities D

A

and
H�1.

We now proceed to model the FoG e↵ect on the D(µ)
curve by fitting the function,

D(µ) = Dfid(µ) + ↵(µ) + �(µ)�2

v

, (14)

at each µ bin and determining the values of the fitting
parameters ↵ and �. We also check the cosmological
dependence by considering ⌦

⇤

= 0.62, 0.68, 0.73.

⌦⇤ 0.62 0.68 0.73
↵i �i ↵i �i ↵i �i

µi

0.08 -0.18 -0.004 -0.15 -0.004 -0.21 -0.004
0.25 0.21 -0.003 0.07 -0.002 0.10 -0.002
0.42 -0.17 0.002 -0.10 0.002 -0.09 0.002
0.58 -0.51 0.009 -0.47 0.010 -0.42 0.009
0.75 -0.77 0.018 -0.68 0.018 -0.65 0.018
0.92 -1.07 0.027 -0.88 0.026 -0.89 0.027

Using the fitting formula of Eq.14 and the parameters
in the above table, we proceed to check whether the input
parameters can be recovered. Taking the case of a model
with �

v

= 11Mpc, b=2.0 and in the fiducial cosmology
which corresponds to ⌦

⇤

= 0.68 we recover the cosmolog-
ical observables D

A

and H�1 with and without correcting
for the FoG e↵ect. When we do not correct for FoG we ob-
tain D

A

= 1397.91 and H�1 = 3172.44 which correspond to
a 0.20% and -1.93% shift respectively. While correcting for
the FoG we obtain D

A

= 1394.96 ( -0.02% deviation) and
H�1 = 3215.85 ( -0.58% deviation), while recovering a value
of �

v

= 10.13Mpc (-8% deviation from input value).
As the table above suggests the cosmological depen-

dence on the fitting function is negligible. We can check this
by assuming an incorrect cosmology for the fitting func-
tion and determining the impact on our recovered values
of D

A

and H�1 in the fiducial model. If we take the fit-
ting functions for a cosmology with ⌦

⇤

= 0.73 we obtain
D

A

= 1394.96 ( -0.02%) and H�1 = 3215.85 ( -0.58%) and
�
v

= 9.72Mpc (-12% deviation from input value).
As we have shown, even in the case of high �

v

, we can
recover the input cosmological observables D

A

and H�1 to
better than percent level accuracy while also constraining �

v

itself, albeit to a lesser accuracy of 10%. In the next section
we will apply this methodology to simulated data and in
both a low resolution limit similar to currently available data
and a high resolution, precision, limit comparable to future
data like DESI and LSST.

5 TESTS ON SIMULATED DATA

In this section we test our methodology on simulated mock
data and check if we can recover the fiducial parameters.

5.1 Simulations and covariance matrices

In order to check the validity of our overall approach, we
test it against simulations. We use the PTHALO mock galaxy
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Figure 5. Equal clustering contours for three values of ⌦

⇤

. The

values ⌦

⇤

= 0.62, 0.68, 0.73 correspond to the dotted, solid and

dashed lines respectively.

Figure 6. The D(µ) curve for 4 values of �
v

= 2, 8, 11, 14 Mpc.

The dashed black lines are for 1 and 4% increase in H�1

.

⌦
⇤

D
A

(% fiducial) H�1 (% fiducial)
0.62 1493.08 ( -0.19%) 3396.97 ( 0.20%)
0.68 1395.18 ( 0.00 %) 3234.76 ( 0.00%)
0.73 1395.18 ( 0.00 %) 3234.76 ( 0.00%)

In Fig.5 we show the clustering contours for ⌦
⇤

= 0.62,
0.73. We see that variations in ⌦

⇤

lead to shifts in the con-
tours but as we determined and presented in the table above,
the BAO ring shape is not a↵ected.

4 MEASURING THE BAO IN HIGH
RESOLUTION EXPERIMENT

In Fig.6 we show the measured BAO peak position as a
function of µ for several values of �

v

. As we see, increasing
�
v

increases the BAO peak position near the los direction.
Unfortunately, this behaviour can also be mimicked by a
variation in H�1, which may hamper our attempts to mea-
sure H�1 alone. We see that a moderate value of �

v

= 8
can be confused with a 1% increase in H�1. This would

suggest that we may only be able to make constraints of
the combined quantity �

v

H�1. However, as we see in figure,
there is a crossing point in the D(µ) curves and that as �

v

is increase there is also a systematic decrease in D near the
perpendicular direct, which will influence the measurement
of D

A

. Thus if precise enough measurements can be made
there seems to be a possibility to model the FoG e↵ect on
the D(µ) curve and to correct the derived quantities D

A

and
H�1.

We now proceed to model the FoG e↵ect on the D(µ)
curve by fitting the function,

D(µ) = Dfid(µ) + ↵(µ) + �(µ)�2

v

, (14)

at each µ bin and determining the values of the fitting
parameters ↵ and �. We also check the cosmological
dependence by considering ⌦

⇤

= 0.62, 0.68, 0.73.

⌦⇤ 0.62 0.68 0.73
↵i �i ↵i �i ↵i �i

µi

0.08 -0.18 -0.004 -0.15 -0.004 -0.21 -0.004
0.25 0.21 -0.003 0.07 -0.002 0.10 -0.002
0.42 -0.17 0.002 -0.10 0.002 -0.09 0.002
0.58 -0.51 0.009 -0.47 0.010 -0.42 0.009
0.75 -0.77 0.018 -0.68 0.018 -0.65 0.018
0.92 -1.07 0.027 -0.88 0.026 -0.89 0.027

Using the fitting formula of Eq.14 and the parameters
in the above table, we proceed to check whether the input
parameters can be recovered. Taking the case of a model
with �

v

= 11Mpc, b=2.0 and in the fiducial cosmology
which corresponds to ⌦

⇤

= 0.68 we recover the cosmolog-
ical observables D

A

and H�1 with and without correcting
for the FoG e↵ect. When we do not correct for FoG we ob-
tain D

A

= 1397.91 and H�1 = 3172.44 which correspond to
a 0.20% and -1.93% shift respectively. While correcting for
the FoG we obtain D

A

= 1394.96 ( -0.02% deviation) and
H�1 = 3215.85 ( -0.58% deviation), while recovering a value
of �

v

= 10.13Mpc (-8% deviation from input value).
As the table above suggests the cosmological depen-

dence on the fitting function is negligible. We can check this
by assuming an incorrect cosmology for the fitting func-
tion and determining the impact on our recovered values
of D

A

and H�1 in the fiducial model. If we take the fit-
ting functions for a cosmology with ⌦

⇤

= 0.73 we obtain
D

A

= 1394.96 ( -0.02%) and H�1 = 3215.85 ( -0.58%) and
�
v

= 9.72Mpc (-12% deviation from input value).
As we have shown, even in the case of high �

v

, we can
recover the input cosmological observables D

A

and H�1 to
better than percent level accuracy while also constraining �

v

itself, albeit to a lesser accuracy of 10%. In the next section
we will apply this methodology to simulated data and in
both a low resolution limit similar to currently available data
and a high resolution, precision, limit comparable to future
data like DESI and LSST.

5 TESTS ON SIMULATED DATA

In this section we test our methodology on simulated mock
data and check if we can recover the fiducial parameters.

5.1 Simulations and covariance matrices

In order to check the validity of our overall approach, we
test it against simulations. We use the PTHALO mock galaxy
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catalogs1 created by Manera et al. (2012), which are de-
signed to investigate the various systematics in the galaxy
sample from Data Release 11 (DR11) of the Baryon Oscil-
lation Spectroscopic Survey (BOSS) (Schlegel et al. 2009;
Eisenstein et al. 2011; Anderson et al. 2012), referred to
as the “CMASS” galaxy sample. In constructing the mock
galaxy catalogs, (Manera et al. 2012) utilized second-order
Lagrangian perturbation theory (2LPT) for the galaxy clus-
tering driven by gravity, which enables the creation of a
mock catalog much faster than running an N -body simula-
tion. The mocks catalogs constitute 600 density field realiza-
tions which span the redshift range of the observed galaxies
in our sample i.e. 0.43 < z < 0.7. Each catalog contains
⇠ 7⇥ 105 galaxies, 90% of which are central galaxies resid-
ing in dark matter halos of ⇠ 1013h�1M�.

5.2 Simulation constraints: D
A

, H�1

We now proceed to apply the methodology we have pre-
sented in the previous sections to simulated data.

The correlation functions are calculated from the simu-
lation data using the “Landy-Szalay” estimator (?),

⇠(~r) =
DD(~r)� 2DR(~r) +RR(~r)

RR(~r)
, (15)

where DD(~r) is the number of data–data pairs, DR the
number of data-random pairs, and RR is the number of
random–random pairs, all separated by a displacement vec-
tor ~r. For this anisotropic analysis we decompose the vector
~r into a distance s and the cosine of the angle bwteen the los
and the pair vdctor µ = cos ✓. Then we proceed to measure
⇠(s, µ) from s = 80 ! 180 Mpc in 15 bins of width w ⇠ 7
Mpc and µ = 0 ! 1 Mpc in 6 linearly spaced bins.

Firstly we fit the case without RSD. If we do not cor-
rect for the RSD e↵ect we know from previous tests that
our results on H�1 will be necessarily biased. We find D|| =
155.15±0.51 Mpc and D? = 154.04±0.30 Mpc that results
in the following constraints; D

A

= 1399.71+2.71

�2.74

(0.32�0.20

+0.19

%)
and H�1 = 3196.79+10.57

�10.44

(�1.17 ± 0.32%), where the per-
centage denotes the deviation from fiducial model.

5.3 Simulation constraints: D
A

, H�1,�
v

When dealing with a higher resolution experiment and the
errors on the BAO peak position are small compare to a typ-
ical RSD induced BAO shift we must model and marginalise
the quantity �

v

.
D|| = 154.92+0.51

�2.29

Mpc and D? = 153.90+0.25

�0.25

Mpc with �
v

= 6.8+2.0

�6.8

Mpc, which leads to
D

A

= 1401.01+2.29

�2.26

(0.42�0.17

+0.16

%) and H�1 =
3201.66+47.94

�10.39

(�1.02+1.48

�0.32

%).
As we can see, once we marginalise over �

v

we weaken
the constraints on H�1, however our recovered central value
is slightly less biased. Also our estimated value and con-
stant on D

A

appears almost unchanged. Thus even when
marginalising over �

v

we do not lost constraining power on
this parameter.

In the left plot of Fig. 7 we see the e↵ect of including �
v

1

These mock catalogs are available from:

http://marcmanera.net/mocks/index.html

on the 1-dimentional likelihood of D||. When not including
FoG correction the likelihood is close to a gaussian distri-
bution peaked at the best fit point, however when �

v

is
included we see a skewed behaviour towards lower values of
D||.

The right hand plot of Fig. 7 shows the 1-dimensional
liklihood of the FoG parameter, �

v

. We see that it favours a
value close to 6 Mpc although it allows lower values tending
to zero.

5.4 DR11 constraints: D
A

, H�1

We now proceed to to apply our methodology to the obser-
vational sample of BOSS galaxies in DR11. We obtain D

A

=
1274.94+15.29

�14.93

(�8.62+1.10

�1.07

%) and H�1 = 3026.60+56.10

�54.10

(�6.44%).

5.5 DR11 constraints: D
A

, H�1,�
v

Given the large errors on the measured peak position, we
should not expect that fitting the FoG e↵ect will lead to a
more accurate result. We obtain....

6 CONCLUSIONS

We have investigated the sensitivity of the shape of the BAO
ring to various systematics. We find that the shape of the
BAO ring is invariant to galaxy bias and unknown shape
change in the primordial spectra. However non-linearities in
the density field and non-linear FoG distortions contaminate
the estimated BAO scales and thus the recovered values of
D

A

and H�1. Fortunately, the contamination of the FoG
e↵ect is not perfectly degenerate with the geometrical dis-
tortions and thus in future sub-percent level precision exper-
iments the two e↵ects can be disentangled. Thus we hope in
that future measurements will allow us to focus on measure-
ments of the AP e↵ect and to infer cosmological parameters
pertaining to the expansion history.

We tested this methodology using mock galaxy catalogs
and found that we can recover the input cosmology....
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more accurate result. We obtain....
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e↵ect is not perfectly degenerate with the geometrical dis-
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Anisotropic BAO Peaks

Using 600 mock catalogues 
mimicking the BOSS survey
 
Modeling and marginalizing out 
the FoG systematic degrades the 
los BAO distance and hence H. 
However is provides a less 
biased result.

obtain constraints on DA & H at 
the level of 2% and 5% resp.

Sabiu & Song (2016) 
arxiv:1603.02389
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The AP effect in the 3PCF
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is intrinsically nonlinear. Even at large scales, higher-order con-
tributions to the mapping formula are non negligible. For this
reason, there have been several improved models of RSD that
have been proposed that add correction terms to the Kaiser for-
mula in Eq. (1). Taking account of those e↵ects is thus crucial
and essential for unbiased parameter estimation in the practical
data analysis. On the other hand, the estimation of statistical er-
rors does not typically depend on those elaborate factorized for-
mulations, because the statistical error of each parameter mainly
comes from the measurement uncertainties, including the cos-
mic variance and shot noise. Unless a significant contribution
of higher-order corrections arises, the structure of parameter de-
generacies will remain unchanged. Hence, in this paper, we do
not consider such higher-order corrections.

Nevertheless, the suppression of the galaxy clustering ampli-
tude due to random motions is a non–perturbative e↵ect, which
significantly a↵ects the power spectrum even at large scales, and
should be accounted for in the basic formulation of Eq. (1). Here,
we assume that this FoG e↵ect is given in a factorized form, and
multiplied as,

P̃(k) = DP
FoG(k)P̃lin(k) . (3)

The DP
FoG(k) is given by the Gaussian form as,

DP
FoG(k) = exp


�

⇣
kµ�p

⌘2
�
, (4)

where �p denotes the dispersion of the one-point PDF of the ve-
locity in one-dimension. Note that at smaller scales, the virial
motion of galaxies inside a cluster of galaxies also leads to a
suppression of the power spectrum in redshift space. When
(kµ�p)2 ⌧ 1, the leading order term of Eq. (3) is dominant over
all other higher orders, and the estimated errors are immune from
the exact functional form of Eq. (3). The linear �p is used for
the fiducial value.

While the initial condition for perturbations is assumed to be
Gaussian, gravitational evolution naturally induces mode-mode
coupling, giving rise to the non-vanishing bispectrum. Further-
more, coupled with galaxy bias and RSD, the bispectrum in red-
shift space becomes rather complicated. The resultant leading-
order expression for the bispectrum (e.g., ?), valid at large scales,
is given by,

B̃PT(k1,k2,k3) = 2
h
Z2(k1,k2)Z1(k1)Z1(k2)P(k1)P(k2) .

+ cyclic
i

(5)

The kernel Z2 is defined as,

Z2(ki,k j) ⌘ b2

2
+ bF2(ki,k j) + fµ2

i jG2(ki,k j) (6)

+
fµi jki j

2

"
µi

ki
(b + fµ2

j ) +
µ j

k j
(b + fµ2

i )
#
,

where we define µi = (ki · ẑ)/ki, ki j = ki + k j, µi j = (ki j · ẑ)/ki j,
with ẑ being the line-of-sight unit vector. Here, we incorporate
the uncertainty of the nonlinear galaxy bias characterized by b2
into the kernel Z2, adopting the local bias prescription (e.g., ?),
i.e., �g = b �m + (b2/2) �2m + · · · . In the above, the functions F2
and G2 are the standard PT kernel in real space, given by,

F2(ki,k j) =
5
7
+
⌘i j

2

 
ki

k j
+

k j

ki

!
+

2
7
⌘2

i j (7)

G2(ki,k j) =
3
7
+
⌘i j

2

 
ki

k j
+

k j

ki

!
+

4
7
⌘2

i j . (8)

with ⌘i j = (ki · k j)/(kik j). Note that the configuration of bispec-
trum satisfies the triangular condition, which is expressed by the
directional vector constraint,

k1 + k2 + k3 = 0 . (9)

In contrast to the redshift-space power spectrum, the influ-
ence of nonlinear RSD on Eq. (5) is not yet fully understood and
studied in detail. Although it deserves further investigation, we
can make an educated guess on the possible damping e↵ect due
to the random motion of galaxies. The FoG e↵ect in the bispec-
trum is assumed to be Gaussian as ?,

DB
FoG(k1,k2,k3) = exp

h
�(k2

1µ
2
1 + k2

2µ
2
2 + k2

3µ
2
3)�2

p

i
. (10)

Then the observed bispectrum is given by,

B̃(k1,k2,k3) = DB
FoG(k1,k2,k3)B̃PT(k1,k2,k3) . (11)

Again, when (kµ�p)2 ⌧ 1, the detailed functional form of DB
FoG

is not important for our estimation.
In addition to the anisotropies induced by the RSD, the ob-

served galaxy clustering also exhibits anisotropies through the
Alcock-Paczynski (A-P) e↵ect. This can happen if the back-
ground expansion of the real universe di↵ers from the fiducial
cosmology used to convert the redshift and angular position of
each galaxy to the comoving radial and transverse distances.

While this e↵ect leads to the modulation in the shape and
amplitude of the power spectrum and bispectrum, if the shape
of these quantities is a priori known, it o↵ers a unique opportu-
nity to measure the angular diameter distance DA(z) and Hubble
parameter H(z) of distant galaxies at redshift z using the char-
acteristic shape of the galaxy clustering in both the radial and
transverse directions. Furthermore, providing information on the
evolution of density and velocity fields, the two types of apparent
anisotropies (i.e., RSD and A-P e↵ects) become distinguishable,
and the geometric distances DA and H can be separately and ac-
curately determined. This is indeed possible if we know at least
the broadband shape of spectrum. In other words, given a ac-
curate theoretical template which describes the broadband shape
of the power spectrum and bispectrum, the simultaneous con-
straints on the geometric distances and growth of structure are
made possible. We dub this method as a broadband A-P test.

The anisotropies in the power spectrum caused by the A-P
e↵ect are modeled as follows. Denoting the true power spectrum
by P̃ , the observed power spectrum becomes

P̃obs(k, µ) =
 

Htrue

Hfid

! 0BBBB@
Dfid

A

Dtrue
A

1
CCCCA

2

P̃(q, ⌫) , (12)

where (k, µ) denotes the fiducial coordinates for the underlying
cosmological model, and (q, ⌫) represents the coordinates in the
true cosmology.

The A-P e↵ect for the bispectrum is also modeled in a similar
way, and the resultant shape of bispectrum depends now on five
parameters, i.e., (k1, k2, k3, µ1, µ2). The observed bispectrum is
thus related to the true one given in Eq. (11) through,

B̃obs(k1, k2, k3, µ1, µ2) =

 
Htrue

Hfid

!2 0
BBBB@

Dfid
A

Dtrue
A

1
CCCCA

4

⇥ B̃(q1, q2, q3, ⌫1, ⌫2) . (13)

The relations between two coordinates are give by,

qi = ↵(µi)ki , (14)
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Fig. 1. Coordinate system used to denote a specific triangular config-
uration. The line-of-sight direction is taken to be along the z-axis.

and

⌫i =
µi

↵(µi)
Htrue

Hfid , (15)

where ↵(µi) is defined by,
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The cosine of angle between two vectors, ⌫i j = (qi · q j)/(qiq j),
is given by,

⌫i j =

0
BBBB@

Dfid
A

Dtrue
A

1
CCCCA

2
⌘i j

↵(µi)↵(µ j)
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µiµ j

↵(µi)↵(µ j)
. (16)

Here, we define ⌘i j = (ki · k j)/(kik j).
Accordingly, the correlation function ⇠B is defined on 5 co-

ordinates space of (r1, r2, r3, µ1, µ2). Higher order correlations
are usually denoted as ⇠n(r1, ...., rn), where n is the order of the
correlation function. As an example, the 3PCF is defined as the
joint probability of there being a galaxy in each of the volume el-
ements dV1, dV2 and dV3 given that these elements are arranged
in a configuration defined by the sides of the triangle, r1, r2 and
r3. The joint probability can be written as

dP1,2,3 = n̄3[1 + ⇠(r1) + ⇠(r2) + ⇠(r3) + ⇣(r1, r2, r3)]dV1dV2dV3.

(17)

The observed ⇠B in redshift space is appear as anisotropy along
the line of sight, which causes the additional angular dependence
of ✓1 and ✓2 presented in Fig. 1. The µ denotes the cosine of this
angle.

However the observed galaxy clustering anisotropies are
plagued by systematic uncertainties which causes the measured
geometric distances through BAO feature unreliable compared
to other distance probes of the Universe. When the galaxy clus-
tering is viewed from the redshift space, the cosmological den-
sity and velocity fields couple together and evolve nonlinearly.
In addition, the mapping formula between the real and redshift
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Fig. 2. Monopole component of the three point correlation func-
tion is presented. The black solid curve represents the average correla-
tion function, and the blue solid curve represents the measurement from
BOSS DR12.

space is intrinsically nonlinear. These nonlinearities prevent us
from inferring the linear coherent motion from the redshift space
clustering straightforwardly. Although an accurate theoretical
model for the redshift distortion was proposed in, there is no con-
firming statement whether the measured distances are immune
from the complexity arising from all di↵erent types of theoreti-
cal models to explain the cosmic acceleration.

We propose that the geometrical distances can be determined
with exploiting BAO feature as minimal as possible. In the con-
text of standard cosmology, the BAO peak structure is known
by analysing cosmic microwave background (hereafter CMB)
anisotropy produced before the last scattering surface. The pri-
mordial BAO feature is probed in precision by CMB experi-
ments. Then we claim that there is a unique correspondence
between the measured primordial BAO feature by CMB and the
observed geometrical BAO signature by galaxy clustering sur-
vey, which is nearly independent of other cosmological uncer-
tainties.

The geometrical signature of primeval BAO is pre-
cisely observed through galaxy clustering correlation function
⇠B(r1, r2, r3, µ1, µ2). The clustering patterns are di�cult to be vi-
sualised. The location of BAO peaks can be easily found in the
monopole component of ⇠B, which is presented in Fig. 2. The
monotonous anisotropic shape is observed with inner contours at
ri <⇠ 150 Mpc. The squeezed clustering pattern along the radial
direction is determined by the competition between monopole
and quadrupole amplifications which are caused by density and
velocity fluctuations respectively. BAO peak structure is ob-
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Triangular configuration 
for the 3PCF. 
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The anisotropic 3PCF

Using 400 Quick-Particle-Mesh 
(QPM) mock catalogues mimicking 
the BOSS DR12 CMASS survey
 
We calculate the 3PCF for 
equilateral configurations at 
different angles to the line-of-sight 

When one side of the triangle lies 
close to the los we see the usual 
kaiser suppression.

This suppression disappears when 
looking at triangles that lie flat on 
the plane of the sky.
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The 3-point BAO

From the mean of the mock 
catalogues we determine the 
peak location as a function of 
angle

This forms a membrane in the 
D, theta1, theta2 space
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Using SDSS DR12 CMASS 
North and South patches 
combined

We measure the isotropic 3PCF 
and determine the peak location

Error are from 400 QPM mocks
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The 3-point BAO
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Again using the DR12 Galaxies

we measure the anisotropic 
equilateral 3PCF 

We again see a clear peak 
structure for various angular 
configurations

Anisotropic equilateral 3PCF

The 3-point BAO
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This is work in progress and will 
be completed soon.

Only thing left to do is fit the 
DA and H by varying the peak 
points measured in DR12 to the 
simulated membrane structure.

Originally I thought that I could 
fit to a simulation template, 
however the ‘off-peak’ shifts 
must be modeled....

Anisotropic equilateral 3PCF
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“Pain is certain, suffering is 
optional.” – Buddha

The 3-point BAO
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Conclusions
We used the luminosity correlation function to put limits on 
compensated isocurvature. 
- Soon hope to update this work with DR12 CMASS+LOWZ

We hunted for mod. grav. induced variations in the velocity 
field and the local environment density...
- Measured the redshift-space clustering statistics
- Although this is only a qualitative study so far, it is the 1st 
regarding redshift-space bispectra/3PCF in modified gravity. 

We wanted clean measurements of Da and H(z) as they are 
fundamental quantities that describe the geometry and 
evolution of the background universe.
- we have measured the higher order BAO structure in the 
3PCF of BOSS DR12 galaxies
- soon we will extract Da and H measurements

“To understand everything is to 

forgive everything” – Buddha


