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CMB@IUCAA: CMBAns  Boltzmann code by Santanu Das 

CMB physics is very 
well understood & 

accurately computed   
… within the standard paradigms  

of contemporary cosmology. 



Planck Collaboration: The Planck mission
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Fig. 17. Orthographic projection of the reconstructed Planck all-sky y-map in Compton parameter units (Planck Collaboration XXII
2015). For illustration purposes and to enhance the tSZ signal-to-noise ratio, the y-map has been Wiener filtered. Positive sources in
the map correspond to clusters and super-clusters of galaxies with strong tSZ emission. In particular, the Coma and Virgo clusters
are clearly visible near the north Galactic pole. The region of strongest contamination from Galactic foreground emission in the
Galactic plane has been partially masked.

Table 9. Parameter 68 % confidence levels for the base ⇤CDM
cosmology computed from the Planck CMB power spectra, in
combination with the CMB lensing likelihood (“lensing”).

Parameter Planck TT+lowP+lensing

⌦bh2 . . . . . . . . . . 0.02226 ± 0.00023
⌦ch2 . . . . . . . . . . 0.1186 ± 0.0020
100✓MC . . . . . . . . 1.04103 ± 0.00046
⌧ . . . . . . . . . . . . . 0.066 ± 0.016
ln(1010As) . . . . . . 3.062 ± 0.029
ns . . . . . . . . . . . . 0.9677 ± 0.0060

H0 . . . . . . . . . . . 67.8 ± 0.9
⌦m . . . . . . . . . . . 0.308 ± 0.012
⌦mh2 . . . . . . . . . . 0.1415 ± 0.0019
⌦mh3 . . . . . . . . . . 0.09591 ± 0.00045
�8 . . . . . . . . . . . . 0.815 ± 0.009
�8⌦

0.5
m . . . . . . . . . 0.4521 ± 0.0088

Age/Gyr . . . . . . . 13.799 ± 0.038
rdrag . . . . . . . . . . . 147.60 ± 0.43
keq . . . . . . . . . . . 0.01027 ± 0.00014

ments to the data processing and use of cross-half-mission likeli-
hoods (Planck Collaboration XI 2015; Planck Collaboration XII
2015). We find good agreement with our earlier results, with in-
creased precision.

10.1. Cosmological parameters

Planck’s measurements of the cosmological parameters de-
rived from the full mission are presented and discussed in
Planck Collaboration XIII (2015). As in our previous release,
the data are in excellent agreement with the predictions of
the 6-parameter ⇤CDM model (see Table 9), with parame-
ters tightly constrained by the angular power spectrum. The
best-fit model parameters from the full mission are typically
within a fraction of a standard deviation of their results from
Planck Collaboration XVI (2014), with no outliers. The con-
straints on the parameters of the base ⇤CDM model have im-
proved by up to a factor of 3. The largest shifts are in the
scalar spectral index, ns, which has increased by 0.7�, and the
baryon density, !b, which has increased by 0.6�. Both of these
shifts are partly due to correction of a systematic error that con-
tributed to a loss of power near ` = 1800 in the 2013 results
Planck Collaboration XIII (2015). This systematic also biased
the inferences on H0 slightly low (by less than 0.5�). In addi-
tion, the overall amplitude of the observed spectrum has shifted
upwards by 2 % (in power), due to a calibration change, and
the optical depth to Thomson scattering, ⌧, has shifted down by
nearly 1�. These shifts approximately cancel in the derived nor-
malization of the matter power spectrum. The remaining shifts
are consistent with the known changes in noise level, time-
stream filtering, absolute calibration, beams, and other aspects
of the data processing.

Both the angular size of the sound horizon, ✓⇤, and the cold
dark matter density, !c, have become significantly better deter-
mined. The data at high-` are now so precise, and the polariza-
tion data so constraining, that we not only see very strong evi-
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’Standard’ cosmological model: 
Flat, ΛCDM with nearly 

Power Law (PL) primordial power spectrum 
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Planck 2013 
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BipoSH Spectra : Natural generalization of Cl 
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L=10 
Spherical harmonic l 

Cl !
L=0 

Harmonic decomposition!
 of non SI  correlation.!

Harmonic decomposition 
of map (temp, Pol)!

~ 

Amir Hajian & Souradeep 2003 
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BipoSH Spectra  : Natural generalization of Cl 
Bipolar Spherical Harmonic representation  

Bipolar spherical harmonics. 

Linear combination of off-diagonal elements 
BipoSH provide complete representation of  SH space correlation matrix 

BipoSH 
Coefficients 

C` = ha`ma⇤`mi
Amir Hajian & Souradeep 2003 

T, E, B,.. 



Beyond Cl : Patterns in CMB 

 
Sources of SI violation: 

•  Global topology 
•  Global anisotropy/rotation 
•  Breakdown of global symmetries, Magnetic field,… 
•    Doppler boost: Local motion wrt CMB 
•  Weak Lensing: Scalar (LSS) & tensor (GW) 

 
 Observational artifacts: 

•  Foreground residuals 
•  Inhomogeneous noise, coverage 
•  Non-circular beam response function 
 



BipoSH spectra measurements 

Image Credit: NASA / WMAP Science Team 

WMAP-7 : Bennet et al. 2010 
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WMAP-7	beams		

W-Band: 94 GHz 

V-band: 63 GHz 

(Nidhi	Joshi,	Santanu	Das,	Aditya	RoF,	Sanjit	Mitra,	TS	:	A&A	2016)	



Full	Num.	WMAP-beam	+Scan		

(Nidhi	Joshi,	Santanu	Das,	Aditya	RoF,	Sanjit	Mitra,	TS	:	A&A	2016)	



Weak	Lensing	



SI violation : Deflection field 
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Curl Gradient  

WL: tensor/GW WL:scalar 
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Deflection field:  Even & Odd parity BipoSH 
Book, Kamionkowski & Souradeep, PRD 2012  

WL: scalar 

WL: tensor 



BipoSH:	Recovery	of	WL	power	spectrum	

Preliminary results 



Sta=s=cal	Isotropy	viola=on	in	Reioniza=on	?	
•  First brightest objects were formed at redshift z≈30 and start reionizing the 

surrounding medium. The universe becomes fully reionized by z ≈6. 

•  Likely brightest objects were not formed isotropically. They 
reionize nearby regions earlier compared to the regions far 
away → anisotropic reionization.	



Reconstruc=on	Noise	
⌧(n̂) = ⌧̄ +

X

L>0
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Preliminary results 



Opaque  universe 

Observer is moving 
 at a velocity, v=380km/s  

v/c= 1.23x10-3 

CMB fluctuations in a moving reference frame 

M	
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Fig. 33. Top: Measured dipole modulation power in cumula-
tive CMB multipole bins for Commander (red), NILC (orange),
SEVEM (green), and SMICA (blue) as determined from a BipoSH
analysis of the data.. Colour coding as in Fig. 32. Note that
the measurements in cumulative bins indicate a power in excess
of 2 ‡ up to multipole ¸

max

≥ 320. The value on the horizon-
tal axis denotes the maximum multipole used in the analysis,
with ¸

min

= 2. Bottom: Modulation dipole direction as recov-
ered from the SMICA map. The directions found from the other
component-separation maps are consistent with these directions.
The colour-coded points represent the directions recovered for
the specific ¸

max

used in the analysis, with ¸

min

= 2. The low-¸
and WMAP-9 directions are identical to those in Fig. 35.

anomalous signal on the Doppler reconstruction we imple-
ment a cumulative analysis using multipoles with a vary-
ing ¸

min

from 2 to 640 in increments of �¸
min

= 128 and
a fixed ¸

max

= 1024.8 The recovered Doppler amplitudes
from the three SEVEM frequency cleaned maps as a func-
tion of ¸

min

are shown in the top panel of Fig. 34, while
the lower panel indicates the corresponding direction —̂ in
Galactic coordinates determined from the SEVEM-217 data.
Table 25 records the best-fit amplitudes and directions for
¸ œ [640, 1024].

8 We fix ¸

max

= 1024 since at higher ¸ values the mismatch
between the data and simulation power spectra becomes more
important and is a concern for the bias subtraction applied when
reconstructing the Doppler boost signal.
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Fig. 34. Top: Amplitude |—| of the Doppler boost from the
SEVEM-100, SEVEM-143, and SEVEM-217 maps for di�erent mul-
tipole bins determined using a BipoSH analysis. The maximum
multipole of each bin is fixed at ¸

max

= 1024, while ¸

min

is in-
cremented from ¸ = 2 to ¸ = 640 in steps of �¸ = 128. The
dashed line corresponds to the actual dipole boost amplitude,
|—| = 1.23 ◊ 10≠3. Bottom: Doppler boost direction —̂ measured
in Galactic coordinates from SEVEM-217. The coloured circles
denote ¸

min

used in the analysis, while ¸

max

= 1024 is held
fixed. The low-¸ and WMAP-9 directions are identical to those
in Fig. 35.

Table 25. The Doppler boost amplitude (|—|) and direction
in Galactic coordinates derived over the multipole range ¸ œ
[640, 1024] as evaluated from a BipoSH analysis. The errors are
estimated from an identical analysis of a set of 1000 Doppler
boosted simulations for each frequency.

Direction
Map |—| ◊ 10≠3 (l, b) [¶]

SEVEM-100 . . . . 1.24 ± 0.66 (277, 40) ± 50
SEVEM-143 . . . . 1.35 ± 0.56 (264, 39) ± 39
SEVEM-217 . . . . 1.28 ± 0.45 (257, 42) ± 32

6.5. Angular clustering of the power distribution

In the Planck 2013 data release we reported a possible devi-
ation from statistical isotropy in the multipole range ¸ = 2–
600, thus confirming earlier findings based on the WMAP
data (Hansen et al. 2009; Axelsson et al. 2013). This claim
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Fig. 33. Top: Measured dipole modulation power in cumula-
tive CMB multipole bins for Commander (red), NILC (orange),
SEVEM (green), and SMICA (blue) as determined from a BipoSH
analysis of the data.. Colour coding as in Fig. 32. Note that
the measurements in cumulative bins indicate a power in excess
of 2 ‡ up to multipole ¸

max

≥ 320. The value on the horizon-
tal axis denotes the maximum multipole used in the analysis,
with ¸

min

= 2. Bottom: Modulation dipole direction as recov-
ered from the SMICA map. The directions found from the other
component-separation maps are consistent with these directions.
The colour-coded points represent the directions recovered for
the specific ¸

max

used in the analysis, with ¸

min

= 2. The low-¸
and WMAP-9 directions are identical to those in Fig. 35.

anomalous signal on the Doppler reconstruction we imple-
ment a cumulative analysis using multipoles with a vary-
ing ¸

min

from 2 to 640 in increments of �¸
min

= 128 and
a fixed ¸

max

= 1024.8 The recovered Doppler amplitudes
from the three SEVEM frequency cleaned maps as a func-
tion of ¸

min

are shown in the top panel of Fig. 34, while
the lower panel indicates the corresponding direction —̂ in
Galactic coordinates determined from the SEVEM-217 data.
Table 25 records the best-fit amplitudes and directions for
¸ œ [640, 1024].

8 We fix ¸

max

= 1024 since at higher ¸ values the mismatch
between the data and simulation power spectra becomes more
important and is a concern for the bias subtraction applied when
reconstructing the Doppler boost signal.
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Fig. 34. Top: Amplitude |—| of the Doppler boost from the
SEVEM-100, SEVEM-143, and SEVEM-217 maps for di�erent mul-
tipole bins determined using a BipoSH analysis. The maximum
multipole of each bin is fixed at ¸

max

= 1024, while ¸

min

is in-
cremented from ¸ = 2 to ¸ = 640 in steps of �¸ = 128. The
dashed line corresponds to the actual dipole boost amplitude,
|—| = 1.23 ◊ 10≠3. Bottom: Doppler boost direction —̂ measured
in Galactic coordinates from SEVEM-217. The coloured circles
denote ¸

min

used in the analysis, while ¸

max

= 1024 is held
fixed. The low-¸ and WMAP-9 directions are identical to those
in Fig. 35.

Table 25. The Doppler boost amplitude (|—|) and direction
in Galactic coordinates derived over the multipole range ¸ œ
[640, 1024] as evaluated from a BipoSH analysis. The errors are
estimated from an identical analysis of a set of 1000 Doppler
boosted simulations for each frequency.

Direction
Map |—| ◊ 10≠3 (l, b) [¶]

SEVEM-100 . . . . 1.24 ± 0.66 (277, 40) ± 50
SEVEM-143 . . . . 1.35 ± 0.56 (264, 39) ± 39
SEVEM-217 . . . . 1.28 ± 0.45 (257, 42) ± 32

6.5. Angular clustering of the power distribution

In the Planck 2013 data release we reported a possible devi-
ation from statistical isotropy in the multipole range ¸ = 2–
600, thus confirming earlier findings based on the WMAP
data (Hansen et al. 2009; Axelsson et al. 2013). This claim
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SI	viola=on	Doppler	boost:	BipoSH	
Planck 2015 XVI: Isotropy & Statistics 



Cosmic Hemispherical Asymmetry 
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	 	 	 	 	 	Salient	features	of	
	 	 	 	Cosmic	Hemispherical	Asymmetry	(CHA)	
	
Ø 	DIPOLAR:	The	observed	asymmetry	is	dipolar,	i.e.	only	BipoSH	mulXpole	L=1	
shows	around	a	3σ	deviaXon	from	staXsXcally	isotropic	map.	

Ø 	NON-ALIGNED:		DirecXon	of	the	asymmetry	is	(l	=	230◦,	b	=	−18◦)	±	30◦,	which	
is	not	aligned	with	the	GalacXc	plane.		

Ø ACHROMATIC:	similar	signal	of	the	asymmetry	is	observed	at	three	Planck	
frequencies	(100,	143,	217	GHz).	These	two	features	reduce	the	chance	of	its	
origin	from	some	residual	foreground	contaminaXons.	
		
Ø 	SCALE	DEPENDENT:	The	observed	excess	power	is	of	7%	amplitude	and	is	
present	only	at	large	angular	scales	(l<70).	Hence,	the	amplitude	of	CHA	is	a	
scale	dependent	phenomenon.	
	

Cosmic	Hemispherical	Asymmetry	

Planck	(2013)	A&A	571	(2014)		
Planck	(2015)	A&A		574	(2016)		
	

EssenXal	aspects	to	
understand	the	
“Pesky	CHA”	

Need	non-SI	simula=ons	
to	perform	sta=s=cal	

analysis	

Implica=ons	of	the	
asymmetry	on	the		

derived	cosmological	
parameters	

	
	

To	find	other	
cosmological	probes	to		

CHA	

To	understand	the	origin	
of	CHA	



Modulation model of SI violation	

		 		

�T (n̂) = [1 +M(n̂)]�T SI(n̂)

M(n) : modulation field  searched M(n̂) =
X

LM

mLMYLM (n̂)

Focus only on L=1 Dipole Modulation in 2014  

�T (n̂) = [1 +A (p̂.n̂)] �T SI(n̂)

m1 =
|m10|2 + |m11|2 + |m1�1|2

3
A = 1.5

r
m1

⇡
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Fig. 32. Top: Measured dipole modulation (L = 1) power in
non-overlapping CMB multipole bins for Commander (red), NILC
(orange), SEVEM (green), and SMICA (blue) as determined from
a BipoSH analysis of the data. The power in the dipole of the
modulation field is a ‰

2-distributed variable with 3 degrees of
freedom. The shaded regions in the plot depict, in dark-grey,
grey, and light-grey respectively, the 1, 2, and 3 ‡ equivalent
intervals of the distribution function derived from simulations,
while the solid black line denotes its median. Significant power in
the dipole modulation is seen to be limited to ¸ = 2–64 and does
not extend to higher multipoles. Bottom: Dipole modulation di-
rection as determined from the SMICA map. The directions found
from the other component separation maps are consistent with
this analysis. The coloured circles denote the central value of
the multipole bin used in the analysis, as specified in the colour
bar. The low-¸ and WMAP-9 directions are identical to those in
Fig. 35.

considered, it is plausible that the simple modulation model
in Eq. (52) is inadequate to describe the features seen in the
BipoSH spectra and should minimally allow for the ampli-
tude, A(¸), of the dipole to depend on CMB multipole, ¸.
Although this may appear to be a more complex model, it
does not necessarily lack motivation. It is readily conceiv-
able that physical mechanisms that cause a dipolar modu-
lation of the random CMB sky would be scale-dependent
and possibly significant only at low wavenumbers. It is also
intriguing to note that, although in most cases the ampli-
tude of the modulation dipole is seen at low significance, the
directions in the first four bins, ¸

32

œ [2, 64], ¸
96

œ [65, 128],
¸

160

œ [129, 192], and ¸
224

œ [193, 256], are seen to be clus-

Table 24. Amplitude (A) and direction of the dipole modula-
tion in Galactic coordinates as estimated for the multipole range
¸ œ [2, 64] using a BipoSH analysis. The measured values of the
dipole amplitude and direction are consistent for all maps.

Direction
Method A (l, b) [¶]

Commander . . 0.067 ± 0.023 (230, ≠18) ± 31
NILC . . . . . . . 0.069 ± 0.022 (228, ≠17) ± 30
SEVEM . . . . . . 0.067 ± 0.023 (230, ≠17) ± 31
SMICA . . . . . . 0.069 ± 0.022 (228, ≠18) ± 30

tered together, as shown in the bottom panel of Fig. 32.
Note that the lower significance of the modulation for the
multipole bins at ¸ > 64 results in larger errors for their re-
spective directions than the value quoted for the ¸ œ [2, 64]
bin recorded in Table 24.

We extend our analysis to carry out the dipole modu-
lation reconstruction in cumulative bins up to ¸

max

= 512,
making cumulative increments in the multipole in steps of
�¸ = 64. The results of this analysis are summarized in
Fig. 33.

As noted previously, as a consequence of our motion
with respect to the CMB rest frame, the observed CMB
map is expected to be statistically anisotropic, as has been
demonstrated in Planck Collaboration XXVII (2014) and
Appendix B. Reassuringly, in PCIS13 it was established
that such a signal would not contaminate a dipole modula-
tion signal up to ¸

max

¥ 700. We now confirm the Doppler
boost signal using the BipoSH methodology.

An equivalent description of the Doppler boost in terms
of BipoSH coe�cients is given by

A1M

¸
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¸
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= Ā1M
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where —
1M

=
s

dnY
1M

(n̂)— · n̂, — = v/c denotes the pe-
culiar velocity of our local rest frame with respect to the
CMB, and b

‹

is the frequency-dependent boost factor, as
discussed in more detail in Planck Collaboration XXVII
(2014).

Since the Doppler boost signal has a frequency de-
pendence, we perform our analysis on the SEVEM-100,
SEVEM-143, and SEVEM-217 maps at N

side

= 2048, and
adopt values of b

‹

= 1.51, 1.96, and 3.07, respectively. A
minimum variance estimator for —

1M

, as discussed in Ap-
pendix D, is adopted with the shape function GL

¸

1

¸

2

replaced
by the corresponding Doppler boost term given in Eq. (54).
Corresponding unboosted CMB simulations were also used,
in particular to correct for the mean field bias. However, we
use a set of Doppler-boosted simulations in order to esti-
mate the error on the reconstructed Doppler boost vector.

Since it is expected that the low multipole modes of the
A1M

l,l+1

spectrum are contaminated by the dipolar signal re-
ported previously, in order to monitor the impact of this
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Fig. 11. Wiener-filtered lensing potential estimate with minimal masking (using the NILC
component separated map), in Galactic

coordinates with a Mollweide projection (Planck Collaboration XV 2015). The reconstruction has been bandlimited to 8  L  2048

(where, following convention, L is used as the multipole index in the lensing power spectrum).

logical models analysed in the 2015 Planck papers. However,

in this data release, we regard the combined TT , T E, and EE

Planck results as preliminary.

8.4.2. Lensing likelihood

Our power spectrum measurement constrains the lensing poten-

tial power spectrum to a precision of ±2.5 %, corresponding to a

1.2 % constraint on the overall amplitude of matter fluctuations

(�8), a measurement with considerable power for constraining

cosmology. We have constructed two Gaussian bandpower like-

lihoods based on the lensing power spectrum measurement de-

scribed in Sect. 8.4.1 and plotted in Fig. 18. The first likeli-

hood uses a conservative bandpower range, 40  L  400,

with linear binning, following the temperature-only likelihood

released in 2013. The second likelihood uses a more aggres-

sive range with 8  L  2048, and bins that are linear in

L0.6 . Both likelihoods incorporate temperature and polarization

data. We incorporate uncertainties in the estimator normaliza-

tion and bias corrections directly into the likelihood, using pre-

calculated derivatives of these terms with respect to the CMB

temperature and polarization power spectra. The construction of

the lensing likelihood is described in Planck Collaboration XV

(2015), and its cosmological implications are discussed in detail

in Planck Collaboration XIII (2015).

9. Astrophysics products
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The Second Planck Catalogue of Compact Sources (PCCS2;

Planck Collaboration XXVI 2015) is the catalogue of sources

detected from the full duration of Planck operations, referred

to as the “extended” mission. It consists of compact sources,

both Galactic and extragalactic, detected over the entire sky.

Compact sources are detected in the single-frequency maps and

assigned to one of two sub-catalogues, the PCCS2 or PCCS2E.

The first of these allows the user to produce additional sub-

catalogues at higher reliabilities than the target 80 % reliabil-

ity of the full catalogue. The total number of sources in the

catalogue ranges from 1560 at 30 GHz up to 48 181 sources

at 857 GHz. Both sub-catalogues include polarization measure-

ments, in the form of polarized flux densities and orienta-

tion angles, or upper-limits, for all seven polarization-sensitive

Planck channels. The number of sources with polarization infor-

mation (other than upper-limits) in the catalogue ranges from

113 in the lowest polarized frequency channel (30 GHz) up

to 666 in the highest polarized frequency channel (353 GHz).

The improved data processing of the full-mission maps and

their reduced instrumental noise levels allow us to increase the

number of objects in the catalogue, improving its complete-

ness for the target 80 % reliability as compared with the pre-

vious versions, the PCCS (Planck Collaboration XXVIII 2014)

and the Early Release Compact Source Catalogue (ERCSC;

Planck Collaboration XIII 2011). The improvements are most

pronounced for the LFI channels, due to the much larger increase

in the data available. The completeness of the 857 GHz channel,

however, has not improved; this is due to improvements in the

reliability assessment, which resulted in a higher S/N threshold

being applied in the formation of this catalogue. The reliability

of the PCCS2 catalogue at 857 GHz, however, is higher than that

of the PCCS.

The PCCS2 will be released in March 2015.
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The Second Planck Catalogue of SZ Sources (PSZ2;

Planck Collaboration XXVII 2015), based on the full mission

data, is the largest SZ-selected sample of galaxy clusters yet pro-

duced and the deepest all-sky catalogue of galaxy clusters. It
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Fig. 7. Maximum posterior CMB intensity map at 50 resolution derived from the joint baseline analysis of Planck, WMAP, and

408 MHz observations. A small strip of the Galactic plane, 1.6 % of the sky, is filled in by a constrained realization that has the same

statistical properties as the rest of the sky.
A
Q

cmb

AU cmb

Fig. 8. Maximum posterior amplitude Stokes Q (left) and U (right) maps derived from Planck observations between 30 and 353 GHz.

These mapS have been highpass-filtered with a cosine-apodized filter between ` =
20 and 40, and the a 17 % region of the Galactic

plane has been replaced with a constrained Gaussian realization (Planck Collaboration IX 2015). From Planck Collaboration X

(2015).

viewed as work in progress. Nonetheless, we find a high level of

consistency in results between the TT and the full TT+TE+EE

likelihoods. Furthermore, the cosmological parameters (which

do not depend strongly on ⌧) derived from the TE spectra have

comparable errors to the TT -derived parameters, and they are

consistent to within typically 0.5� or better.

8.2.2. Number of modes

One way of assessing the constraining power contained in a par-

ticular measurement of CMB anisotropies is to determine the

e↵ective number of a `m modes that have been measured. This

is equivalent to estimating 2 times the square of the total S/N

in the power spectra, a measure that contains all the available
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Fig. 9. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged

temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-

mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum

estimates from the Commander component-separation algorithm computed over 94 % of the sky. The best-fit base⇤CDM theoretical

spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in

the lower panel. The error bars show ±1� uncertainties. From Planck Collaboration XIII (2015).

Fig. 10. Frequency-averaged T E (left) and EE (right) spectra (without fitting for T–P leakage). The theoretical T E and EE spectra

plotted in the upper panel of each plot are computed from the best-fit model of Fig. 9. Residuals with respect to this theoretical model

are shown in the lower panel in each plot. The error bars show ±1� errors. The green lines in the lower panels show the best-fit

temperature-to-polarization leakage model, fitted separately to the T E and EE spectra. From Planck Collaboration XIII (2015).cosmological information if we assume that the anisotropies are
purely Gaussian (and hence ignore all non-Gaussian informa-
tion coming from lensing, the CIB, cross-correlations with other
probes, etc.). Carrying out this procedure for the Planck 2013
TT power spectrum data provided in Planck Collaboration XV
(2014) and Planck Collaboration XVI (2014), yields the number
826 000 (which includes the e↵ects of instrumental noise, cos-
mic variance and masking). The 2015 TT data have increased
this value to 1 114 000, with T E and EE adding a further 60 000

and 96 000 modes, respectively.4 From this perspective the 2015
Planck data constrain approximately 55 % more modes than in
the 2013 release. Of course this is not the whole story, since
some pieces of information are more valuable than others, and
in fact Planck is able to place considerably tighter constraints on
particular parameters (e.g., reionization optical depth or certain4Here we have used the basic (and conservative) likelihood; more

modes are e↵ectively probed by Planck if one includes larger sky frac-
tions.
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All    ‘data  products’ ARE 
max  of Posterior Distributions, 

i.e. NEED  
P(maps, spectra |  Data) 

Complex, ultra-high dimensional  
(alm, Cl:  ∼ few 107) 

 

Compute or Sample√  !?! 
Markov Chain Monte Carlo (MCMC) not effective at such high 

dimensions. 
Use Gibbs Sampling,  Hamiltonian MC  ,…  



Probability distribution 

Under the assumption that the noise matrix is diagonal, if S + N has following form:    
D: Diagonal of the matrix S + N 
O1: Offdiagonal part of the matrix S without m10 

n is number of data points. 

Conditional Mean: 

Conditional variance: 

- parameter dependence of covariance matrix 



Bayesian	inference	on	the	sphere		
beyond	sta=s=cal	isotropy	

Santanu	Das,	B.Wandelt,	TS		JCAP	2015	
(ArXiv:	1509.07137)	

	



Observed	sky	:		

Noise	Original	Sky	Temp	Observed	Sky	Temp	

Spherical	Harmonics	basis	:		

We	use	Hamiltonian	Monte	Carlo	method	for	
sampling	the	Posterior	
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)Ã

1
0

ll
�
1
/
2
⇡

 

 

0 100 200 300 400 500 600 700 800 900 1000
−150

−100

−50

0

50

100

150 From the realization (without noise)
From the realization (with noise)
Bayesian inference from HMC

l

l(
l
+

1
)Ã
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)Ã

2
0

ll
�
2
/
2
⇡

 

 

0 100 200 300 400 500 600 700 800 900 1000

−80

−60

−40

−20

0

20

40

60

80
From the realization (without noise)
From the realization (with noise)
Bayesian inference from HMC

l

l(
l
+

1
)Ã
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Figure 1. The angular power spectrum and the BipoSH coe�cients up to L = 2 are inferred from a
statistically isotropic sky map generated using HEALPix. We present the results of our analysis on two
di�erent realisations in the left and right columns. In the left (right) column, homogeneous, white, Gaussian
random noise with ‡n = 10µK (‡n = 20µK) has been added to the signal. In the top row, the solid bold
green line shows the input power spectrum for generating the sky map. The thin dark gray line shows the
quadratic estimate of the angular power spectrum of the particular realisation before adding noise and the
dotted olive line is the same of the realisation after adding noise. The red data-points show the mean Cl

recovered using joint Bayesian inference of the BipoSH coe�cients up to L = 2. After the first 10 multipoles
we plot the data-points in averages in multipole bins of �l = 20. The 2nd, 3rd and 4th row Ã10

ll≠1, Ã20
ll and

Ã20
ll≠2 are plots for the BipoSH spectra for M = 0. The results for M ”= 0 are similar and, hence, not plotted

here. We can see that almost all the BipoSH spectra are consistent with zero within 1 to 2‡, as it should be
when the maps are drawn from a statistically isotropic covariance. It should be noted that the vertical scales
di�er in the di�erent plots.
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Test	on		Stat.	Isotropic		maps:	Cl 

…	so,	the	method	does	as	well	(or	even	bener)	than	Gibbs	Sampling		
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)Ã

2
0

ll
�
2
/
2
⇡

 

 

0 100 200 300 400 500 600 700 800 900 1000

−80

−60

−40

−20

0

20

40

60

80
From the realization (without noise)
From the realization (with noise)
Bayesian inference from HMC

l

l(
l
+

1
)Ã
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Figure 1. The angular power spectrum and the BipoSH coe�cients up to L = 2 are inferred from a
statistically isotropic sky map generated using HEALPix. We present the results of our analysis on two
di�erent realisations in the left and right columns. In the left (right) column, homogeneous, white, Gaussian
random noise with ‡n = 10µK (‡n = 20µK) has been added to the signal. In the top row, the solid bold
green line shows the input power spectrum for generating the sky map. The thin dark gray line shows the
quadratic estimate of the angular power spectrum of the particular realisation before adding noise and the
dotted olive line is the same of the realisation after adding noise. The red data-points show the mean Cl

recovered using joint Bayesian inference of the BipoSH coe�cients up to L = 2. After the first 10 multipoles
we plot the data-points in averages in multipole bins of �l = 20. The 2nd, 3rd and 4th row Ã10

ll≠1, Ã20
ll and

Ã20
ll≠2 are plots for the BipoSH spectra for M = 0. The results for M ”= 0 are similar and, hence, not plotted

here. We can see that almost all the BipoSH spectra are consistent with zero within 1 to 2‡, as it should be
when the maps are drawn from a statistically isotropic covariance. It should be noted that the vertical scales
di�er in the di�erent plots.
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Consistent	with		No	BipoSH	detecXon		

Tests	on		SI	maps:	BipoSH	
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Figure 2. We show the posterior distribution of Cl, Ã10
ll≠1, Ã20

ll at selected multipoles l = 7, 70, 700 by
plotting the number of sample points in di�erent bins. Total number of sample points taken is 30,000. The
posterior distribution is for SI sky map with noise level of ‡n = 10µK. The dashed red vertical lines mark
the mean of each distribution. Blue dash-dot lines represent the input Cl and the BipoSH coe�cients.
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Õ)≠1. In realistic case, the L > 0 BipoSH coe�cients ALM

ll

Õ being much
smaller than C

l

, this first order approximation works well in the examples studied here.
Substituting the expressions for D

lml

Õ
m

Õ and O
lml

Õ
m

Õ into Eq.(3.7), we obtain

ˆ
A
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ln |S| = (2l + 1)/A00
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(4.1)

and

ˆ
A
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ln |S| = (≠1)L+l+l

Õ
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(2l + 1)(2lÕ + 1)ALM

ll

Õ /
!
A00

ll

A00

l

Õ
l

Õ
"

. (4.2)

These provide the set equations of motion for a
lm

and ALM

ll

Õ in this approximation. These equations
are applicable in case of weak isotropy violation, which is the case for SI violations in CMB signal.
In cases where the SI violation signal is strong, i.e.,

--- A

LM
llÕ

A

00
ll

--- ≥ O(1), the truncated Taylor expansion
approximation used here may not hold.

4.3 Stability of numerical integration
Another computational issue is the choice of the numerical integration method and the mass matrix.
In Hamiltonian integrators, though Leapfrog integrator is common because the integrator preserves
the Hamiltonian in phase space (symplectic), the propagation error being huge we have to use a
fourth order symplectic integrator, namely Forest and Ruth integrator, which performs better and
the propagational errors are contained at a manageable level.
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….	with	complete	posterior	distribuXons	

l	=	7	 l	=	70	 l	=	700	

Cl	

L	=	1	

L=	2	

BipoSH	

BipoSH	
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Figure 5. The BipoSH Ã10
ll+1 estimated from a SI violation arising from Doppler boost along ẑ direction.

The non-SI signal map is generated using CoNIGS. The dark green plot is the input signal. Light green
and grey plot show the Ã10

ll+1 from the original sky map before and after adding noise. Blue curve with red
error-bars shows the recovered value of our HMC based inference. Left plot is for ‡n = 10µK and the right
plot is for ‡n = 20µK. The recovery of Ã10

ll+1 is accurate up to very high l.

ṗ
—

1M = ˆ ln P (S
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and
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p
—

1M

m
—

1M

. (5.2)

We take the mass parameter m
—

1M = 1. We can integrate these equations and infer the posterior of
—1M . In Fig. (6) we inferred —1M from a SI violated map generated using CoNIGS [41]. The known
Doppler boost injected corresponds to —10 = ≠1.87◊10≠3 and —11 = ≠1.24◊10≠4 +1.18◊10≠3i. We
add isotropic Gaussian random noise with ‡

n

= 20µK. For our analysis, we remove low multipoles and
consider the sum of Eq.(5.1) from 201 to 1024 multipoles in the range, because at the low multipoles,
signal is small but the errorbars being large, introduces unwarranted higher error in determining beta.
Note that the recovery of the Doppler signal is expected to improve as one includes higher multipoles
up to l ≥ 2000 now available from Planck. Here, in this demonstrative example on a simulated map,
we restrict to l

max

= 1000, and also add a noise much higher than that on current CMB experiments
to establish the method in a more adverse situation. The analysis demonstrates that models with
small number of parameters can be inferred from high-resolution data.
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Figure 6. We calculate the posterior of —1M from a realization generated from input —10 = ≠1.87 ◊ 10≠3

and —11 = ≠1.24 ◊ 10≠4 + 1.18 ◊ 10≠3i, by directly sampling the likelihood. From the recovered posterior, we
obtain the mean —10 = ≠1.76 ◊ 10≠3 and —11 = ≠2.94 ◊ 10≠4 + 0.84 ◊ 10≠3i The sample map has an isotropic
Gaussian random noise ‡n = 20µK. We generate 11,000 samples which are distributed in 20 bins in each of
the plot. The injected value of —1M and the sample mean from our analysis are also marked by vertical lines
in the graph.
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)Ã

1
0

ll
�
1
/
2
⇡

 

 

0 200 400 600 800 1000
−150

−100

−50

0

50

100

150
Input Signal
From the realization (without noise)
From the realization (with noise)
Bayesian inference from HMC

l

l(
l
+

1
)Ã
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Figure 5. The BipoSH Ã10
ll+1 estimated from a SI violation arising from Doppler boost along ẑ direction.

The non-SI signal map is generated using CoNIGS. The dark green plot is the input signal. Light green
and grey plot show the Ã10

ll+1 from the original sky map before and after adding noise. Blue curve with red
error-bars shows the recovered value of our HMC based inference. Left plot is for ‡n = 10µK and the right
plot is for ‡n = 20µK. The recovery of Ã10

ll+1 is accurate up to very high l.

ṗ
—

1M = ˆ ln P (S
lml

Õ
m

Õ , a
lm

|d
lm

)
ˆ—1M

=
ÿ

l

ˆA1M

ll+1

ˆ—1M

ˆ ln P (S
lml+1m

Õ , a
lm

|d
lm

)
ˆA1M

ll+1

(5.1)

and
—̇1M =

p
—

1M

m
—

1M

. (5.2)

We take the mass parameter m
—

1M = 1. We can integrate these equations and infer the posterior of
—1M . In Fig. (6) we inferred —1M from a SI violated map generated using CoNIGS [41]. The known
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consider the sum of Eq.(5.1) from 201 to 1024 multipoles in the range, because at the low multipoles,
signal is small but the errorbars being large, introduces unwarranted higher error in determining beta.
Note that the recovery of the Doppler signal is expected to improve as one includes higher multipoles
up to l ≥ 2000 now available from Planck. Here, in this demonstrative example on a simulated map,
we restrict to l

max

= 1000, and also add a noise much higher than that on current CMB experiments
to establish the method in a more adverse situation. The analysis demonstrates that models with
small number of parameters can be inferred from high-resolution data.
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Figure 6. We calculate the posterior of —1M from a realization generated from input —10 = ≠1.87 ◊ 10≠3

and —11 = ≠1.24 ◊ 10≠4 + 1.18 ◊ 10≠3i, by directly sampling the likelihood. From the recovered posterior, we
obtain the mean —10 = ≠1.76 ◊ 10≠3 and —11 = ≠2.94 ◊ 10≠4 + 0.84 ◊ 10≠3i The sample map has an isotropic
Gaussian random noise ‡n = 20µK. We generate 11,000 samples which are distributed in 20 bins in each of
the plot. The injected value of —1M and the sample mean from our analysis are also marked by vertical lines
in the graph.
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Bayesian	HMC		:	Doppler	boost	

BipoSH	Spectra	
L=1	

Posterior	distribuXon	of	Boost	parameter	

Used	simulated		
Doppler	boosted	
CMB	maps	using	
CoNIGS	
(Suvodip	Mukherjee)	



Bayesian	HMC		:	CHA	

BipoSH	Spectra	
L=1	

Posterior	distribuXon	of	m10,	m11,	m1-1			parameters	

Used	simulated		
Doppler	boosted	
CMB	maps	using	
CoNIGS	
(Suvodip	Mukherjee)	

�T (n̂) = [1 +A (p̂.n̂)] �T SI(n̂)

A = 1.5

r
m1

⇡

m1 =
|m10|2 + |m11|2 + |m1�1|2

3
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CHA:	An	enigma	

Many	Theore=cal	ideas	
	

Ø  InflaXonary	paradigm		
	Erickcek,	Kamionkowski	&	Carroll,	(2008);	
Erickcek,	Carroll	&	Kamionkowski,	(2008);		
Donoghue,	Duna	&	Ross	(2009);	Erickcek,	Hirata	
&	Kamionkowski,	(2009);		Mazumdar,	Wang,	
(2013);	McDonald,	(2014);		Abolhasani	et	al.,	
(2014);		Liu,	Guo	&	Piao	(2014);	Jazayeri,(2014);	
Liu	et	al.	(2014).;	Lyth,	(2015);	Mukherjee	&	
Souradeep	(2015),	Kothari,	Rath	&	Jain,	(2015);	
Kothari	et	al.,	(2015);	Wang	et	al.	(2015)		

Ø  	Dark	Energy	
	Perivolaropoulos	(2014);		
	Dai	et	al.	(2013)	

Ø  	Cosmic	String	
	Ringeval	et	al.	(2016)	

	

Observa=onal	Claims	
Ø  WMAP	
F.	K.	Hansen	et	al.	(2004).	
H.	K.	Eriksen	et	al.,		(2004).	
Godan	(2007)	
Hosus	et	al	(2009)	

Ø  Planck	
F.	Paci	et	al.	(2013)	
Flender	et	al.	(2013)	
Planck-13	(2014)		
Y.	Akrami	et	al.,	(2014)	
QuarXn	et	al.	(2015)	
S.	Aiola	et	al.	(2015)	
Planck-15,	(2016)		
	



Fast	roll	inflaXon	with	iniXal	inhomogeneiXes	

21-Oct-2016	 Ph.D.	Thesis	Defence		

H(n̂, �̃) =Hb(�)[1 + �(�̃) p̂.n̂],

H 0(n̂, �̃) =H 0
b(�)[1 + ⇠(�̃) p̂.n̂].

� =2
p
⇡✏H

��

mpl
,

⇠ =2
p
⇡

⌘Hp
✏H
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mpl
.

P̃s,t(k, n̂) =Ps,t(k)


1 +Ds,tp̂.n̂+Qs,t(p̂.n̂)2

�
,

Ds(⌧) = 4�� 2⇠, Qs(⌧) = 6�2 � 8�⇠ + 3⇠2, Dt(⌧) = 2� and Qt(⌧) = �2.

In	Single	field	inflaXon	model,	effect	in	
tensor	anisotropies	is	<0.05%	
	



CHA	in	B	modes	from	scalar	perturba=ons	:		
An	inevitable	window	

Mukherjee		and	Souradeep			
Phys.	Rev.	Len.	116,	221301	(2016)	
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CHA	in	B	modes	at	small	angular	scales	
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	A	new	window	to	put	bounds	on	CHA	of	primordial	origin		

Extent	of	CHA	in	
lensing	(lmax)	

Cumula=ve	noise	 Signal	to	Noise	
Ra=o	(SNR)	

25	 0.054	 1.28	

30	 0.0456	 1.53	

40	 0.034	 2.04	

70	 0.02	 3.46	



Universe, yours to explore !	
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